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Abstract

Models implicitly defined through a random simulator of a process have become widely used in
scientific and industrial applications in recent years. However, simulation-based inference methods for
such implicit models, like approximate Bayesian computation (ABC), often scale poorly as data size
increases. We develop a scalable inference method for implicitly defined models using a metamodel for
the Monte Carlo log-likelihood estimator derived from simulations. This metamodel characterizes both
statistical and simulation-based randomness in the distribution of the log-likelihood estimator across
different parameter values. Our metamodel-based method quantifies uncertainty in parameter estimation
in a principled manner, leveraging the local asymptotic normality of the mean function of the log-
likelihood estimator. We apply this method to construct accurate confidence intervals for parameters of
partially observed Markov process models where the Monte Carlo log-likelihood estimator is obtained
using the bootstrap particle filter. We numerically demonstrate that our method enables accurate and
highly scalable parameter inference across several examples, including a mechanistic compartment model
for infectious diseases.

keywords: parameter inference, implicitly defined model, Monte Carlo methods, particle filter, inference
for Markov processes

1 Introduction

A model is said to be implicitly defined if it is defined using a random simulator of the underlying process [11].
If the density function of an implicitly defined process cannot be evaluated, traditional likelihood-based pa-
rameter inference is generally impossible, because the likelihood function is not analytically tractable. In this
paper, we develop a scalable, simulation-based parameter inference method for partially observed, implicitly
defined models. Simulation models are widely used for a variety of industrial and scientific applications,
precipitated by recent advances in the digital twin technology [22] B0} BT, 24].

We consider a collection of observations Yj., that are conditionally independent given a realization X
of the random process. For example, Y7.,, may be noisy or partial observations of a Markov process Xj.,,
where Y; are conditionally independent observation of X;, i € 1:n. Generally, we assume that the implicitly
defined process X is parameterized by 6 € ©. If we denote the measurement density of the observed data
Y = Y1.n, given X =z by g(y|z;0), the likelihood is given by

L(B:y) = / o(ylz:0) APy (x). (1)

Here 6 parametrizes both the law of the latent process and the measurement process, but it may consist of
two separate components each governing only one of the processes. In principle, the likelihood may be
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Figure 1: The top panel shows the likelihood estimates obtained by running the particle filter five times
for each € value on a natural (non-logarithmic) scale. The bottom panel shows the log of those likelihood
estimates, marked by ‘+’ symbols. The maximum among the five values for each 6 is indicated by a larger
‘+’ symbol. The dashed curve shows the fitted quadratic polynomial. The exact log-likelihoods computed
using the Kalman filter are indicated by ‘e’. The dotted vertical line indicates the true parameter value,
6 = 0.02, and the gray vertical lines indicate the constructed 90% and 95% confidence intervals.

where X;(6), j € 1:J, are independent simulations of Py. Although the Monte Carlo likelihood estimator
is unbiased for L(#;y), its variance grows exponentially with an increasing size of the data y;.,. For partially
observed Markov process (POMP) models, an unbiased estimator of the likelihood with substantially smaller
variance than that of can be obtained by running the particle filter [7, [0, 14]. In particular, when the
latent Markov process is implicitly defined via a simulator, an unbiased Monte Carlo likelihood estimator
can be obtained using the bootstrap particle filter [16] [I7]. However, the variance of this estimator still scales
exponentially with increasing n [§]. The exponentially large Monte Carlo variance in the likelihood estimator
is typically realized by a very small probability of attaining relatively extremely large values. The highly
skewed distribution of the likelihood estimator implies that inference based on ﬁ(@; y) faces a great amount
of Monte Carlo variability. This phenomenon is illustrated by the top panel of Figure [T} which displays the
likelihood estimates independently obtained five times for each 6 value for a certain POMP model given by
Example [T] below.

In order to enable simulation-based inference that is scalable to large data, methods that involve approxi-
mation of the log-likelihood function have been developed. These methods utilize the fact that the logarithm
of Monte Carlo likelihood estimators often have distributions with manageable variance and skewness. Diggle
and Gratton [II] considered parameter estimation where independent and identically distributed (iid) draws
from an implicit model X; ~ Py, ¢ € 1:n, are observed without noise. They proposed a method where the
log-likelihood function estimated using simulations and kernel density estimation is maximized by a stochas-
tic optimization procedure such as the Nelder-Mead algorithm [25]. However, Diggle and Gratton [1I] only
provided a heuristic for estimating the parameter uncertainty, for situations where the Monte Carlo error
is negligibly small compared to the statistical error. Such precise estimation of the log-likelihood function
using a kernel method may be possible when the observations are iid and low-dimensional, but it is generally
impossible for dependent or moderately high dimensional observations.



Tonides et al. [I§] developed a simulation-based inference method for partially observed, implicit models
producing dependent observations. They considered estimating the log-likelihood function using the log of
the Monte Carlo likelihood estimates such as those obtained by the bootstrap particle filter. Both Ionides et
al. [I8] and the current paper consider situations where the random error in the Monte Carlo log-likelihood
estimator is not small compared to the statistical error. Ionides et al. [I8] used a metamodel that locally
approximates the log-likelihood function with a quadratic polynomial, justified by the local asymptotic
normality (LAN) of the log-likelihood function [23, B2]. Local or global metamodels are widely used for
simulation-based optimization in response surface methodology [3]. Ionides et al. [I8] constructed profile
confidence intervals by approximating the uncertainty in parameter estimation by the sum of the Monte
Carlo variance due to random simulations and the statistical variance derived from a standard asymptotic
theory for maximum likelihood estimation. The Monte Carlo variance was approximately estimated by a
quadratic regression and the use of the delta method. However, Tonides et al. [18] overlooked the fact that, in
general, the log-likelihood function £(f) and the mean function of the Monte Carlo log-likelihood estimator
1(9) have different curvatures and distinct statistical properties due to data randomness. This can result in
misquantified uncertainty, further increasing the inference bias beyond that introduced by the delta method
approximation.

In the current paper, we refine the metamodel-based uncertainty quantification approach by Ionides et
al. [I8]. We develop a local asymptotic normality (LAN) theory for the mean function p(6;Y") of the log-
likelihood estimator. This LAN property forms a basis for our metamodel describing the statistical properties
of 1(0;Y). Our use of a carefully characterized metamodel reduces the biases in the method by Ionides et al.
[18], which incorrectly relies on the observed Fisher information to quantify statistical error. In contrast, we
use the observed data to quantify statistical uncertainty, assuming that the observations 1., can be divided
into subsets that are nearly independent of each other. This assumption is often satisfied by stochastic
processes with reasonable mixing properties.

We illustrate our method through the following example.

Example 1. Consider a multivariate autoregressive process with partial observations Y;:
Xi:AXi,1 —|—Ui, Yi:Xi—&—ei, 1 =1:200.

Here X;,Y; € R0, A € RIOXI0 4, i (0,11p), and e; g (0, I19). The matrix A has diagonal entries

all equal to -0.3 and off-diagonal entries all equal to 8. We generate an observation sequence yi.000 at

0 = 0.02. The bootstrap particle filter is run with two hundred particles five times for each parameter value

6 € {-0.08,-0.07,...,0.12}. We will refer to an estimate of the log-likelihood that is obtained through
simulations as a simulated log-likelihood.

Figure |1f shows five simulated log-likelihoods for each 6, denoted by Zf (0), k € 1:5. For comparison, the
exact log-likelihood for each € is shown, obtained by running the Kalman filter [19].

We employ a metamodel in which simulated log-likelihoods are assumed to be approximately normally
distributed with a locally quadratic mean function 1(6;y1.,). The function p(6;y1.,) is estimated by fitting
a quadratic polynomial through the simulated log-likelihoods. The statistical properties of u(6;Y7.,) where
the observations Y7.,, are generated under a certain parameter value are characterized by the local asymptotic
normality (LAN) of 1(6;Y1.,) (see Section for details.) A variance parameter in the LAN statement for
w1(0;Y1.,) is estimated by assuming approximate independence of contiguous subsets of Y7., (Section )
Confidence intervals are constructed using the metamodel for the random function u(6;Y7.,), incorporating
both sources of randomness originating from the observations and the simulations (Section [4] )

Relative to other methods for simulation-based inference, our approach is highly scalable with increasing
data size. Cranmer et al. [9] provide a survey of traditional and recent simulation-based inference algorithms.
Approximate Bayesian computation (ABC) estimates the likelihood using the proportion of simulations in
close proximity of the observed data [5]. Traditional inference methods such as ABC experience the curse
of dimensionality similar to that affecting kernel density estimation in high dimensional spaces. This issue
is often addressed by using summary statistics, at the expense of introducing a bias and a loss of efficiency
due to the information reduction [29]. If partial observations of the implicitly defined process are available
and the density of the observations given the latent states is analytically tractable, pseudo-marginal Markov
chain Monte Carlo (MCMC) methods can enable exact Bayesian inference by utilizing unbiased Monte Carlo



likelihood estimators [4} 2 [I]. However, these methods are also affected by the curse of dimensionality, which
is manifested by an exponentially scaling Monte Carlo variance and thus a poorly scaling sampling efficiency
[28, [15].

Recent advances in machine learning have enabled training a surrogate model for the distribution of
observations Y through neural density estimation techniques such as normalizing flows [12] [13], 26]. We
note that these surrogate models, which approximate the distribution of Y for each given 6, differ from
the metamodels we consider, which describe the log-likelihood £(6;y) as a function of 6 for given y. These
machine learning techniques have the advantage that, once a surrogate model is trained using simulations,
inference using the approximate likelihoods is straightforward. However, training a high-fidelity surrogate
model for a high dimensional observation distribution requires a large number of simulations and may still
involve substantial error in some parts of the observation space. Moreover, quantifying the uncertainty
associated with the trained surrogate model is often challenging.

Our metamodel-based inference approach offers several advantages compared to these machine-learning-
based methods. First, since Monte Carlo log-likelihood estimators often have distributions that scale linearly
rather than exponentially with the size of the data y = y1.,, our method is scalable to models that produce
large amounts of data. Second, it enjoys a favorable sampling efficiency because the metamodel enables
pooling the information across € values. Third, it offers a principled method for uncertainty quantification,
since the characterization of the variation in p(6;Y) by the LAN property is consistent. We note that recent
machine learning techniques may be combined with the metamodel-based inference framework we propose
in this work by regarding the logarithm of the approximate likelihood derived from the trained surrogate
model as a Monte Carlo log-likelihood estimator. However, we do not delve into this in the current paper.

The rest of the paper is organized as follows. Section [2]lays a theoretical basis for our scalable simulation-
based inference approach. We develop a local asymptotic normality (LAN) property for u(6;Y) and set
up a simulation metamodel. Section [3| concerns fitting the metamodel to the simulated log-likelihoods
via quadratic regression. Section [4] develops a procedure for uncertainty quantification and construction of
confidence intervals, taking into account both simulation randomness and observation randomness. Section
provides numerical results showing the accuracy of our simulation-based inference method using several
examples, including a mechanistic model for the population dynamics of an infectious disease. In Section [6]
we numerically compare the scalability of our method and that of a pseudo-marginal MCMC method.
Section [7] concludes with discussion.

2 Simulation-based inference

In this section, we define a simulation metamodel and relevant quantities. Section [2.1] outlines the differ-
ence between traditional likelihood-based inference and our metamodel-based inference. Inference using a
metamodel involves estimation of what we call a simulation-based prozry, which is the maximizer of the mean
function of the log-likelihood estimator averaged over the data distribution. Section develops the local
asymptotic normality (LAN) for the mean function of the log-likelihood estimator. Section defines a
metamodel for the log-likelihood estimator, based on the LAN property. Section discusses application
to partially observed Markov process (POMP) models in the case where the simulation-based log-likelihood
estimator is obtained using the bootstrap particle filter. Section [2.5] discusses the bias introduced by a
simulation metamodel.

2.1 Simulation-based proxy

We denote the marginal density of the observation Y = y under parameter 6 by

Y
P () = df; - / o(ylz;6) dPy(z).

If we simulate the underlying process and obtain a draw X from Py, we may consider log g(y|X;60) as an
estimate of the log-likelihood £(6;y) = log p} (y). We will refer to an estimate of the log-likelihood obtained
via simulation of the underlying process as a simulated log-likelihood. The simulated log-likelihood will be



denoted by £°(6;y) or £°(6), or in some cases by £°(X,y) when emphasizing the fact that it is a function of
the simulated draw X. We define the expected simulated log-likelihood as

u(05) = BEOsy) = [ @) aP(a).

If the simulated log-likelihood £°(6;y) is given by the logarithm of an unbiased likelihood estimator ﬁ(G; Y),
such as g(y|X;0) where X is a draw from Py, then u(6;y) is less than or equal to the exact log-likelihood
£(0;y) due to Jensen’s inequality:

The Jensen bias can be written as

r;(0;y)
4!

(05y) — p(Osy) = >

Jj=2

(3)

where #;(6;y) is the j-th order cumulant of the distribution of the simulated log-likelihood ¢ (8;y) for given
y (see the supplementary text, Section S3.1 for more details.) Since the Jensen bias depends on higher-order
cumulants of £5(6;y), or the tail distribution of £5(6;y), estimating this bias involves high Monte Carlo
variability.

For a given set of observations y = yi.,, the maximizer of the expected simulated log-likelihood p(6;y)
will be referred to as the mazimum expected simulated log-likelihood estimator (MESLE).

Definition 1 (MESLE). Given the observations y1.,, the maximum expected simulated log-likelihood esti-
mate (MESLE) is defined as
Ormsrn(yn) = arg max u(6; yin)- (4)

The MESLE substitutes the role of the the maximum likelihood estimator (MLE) for traditional likelihood-
based inference. Since p(6;y) is not known analytically and is instead estimated through the simulated
log-likelihoods, the MESLE must also be estimated via simulations. If the Jensen bias £(6;y) — u(6; y) varies
as a function of 6, the MESLE may differ from the MLE.

If the observed data Y are generated under 6y, the data-averaged expected simulated log-likelihood is
defined as

U(60,6) == Ea,n(®:Y) = [ n(6:0)0}, ) d. (5)

The parameter value 6 that maximizes U (6, 6) will be referred to as the simulation-based proxy for 6y.

Definition 2 (Simulation-based proxy). The simulation-based proxy for 6y, denoted by R(6y), is defined as
the maximizer of the data-averaged expected simulated log-likelihood U (6, 6):

R(6p) = argmax U (0, 0).
0

For simplicity, R(fp) will sometimes be denoted by 0,.

The MESLE converges in probability to the simulation-based proxy as the data size increases, under
certain regularity conditions for M-estimation [32].

If the Jensen bias £(6; Y1.,) — u(0;Y1.,) is constant as a function of 6 for every Yi.,, then U(6y,0) will
have a constant difference with respect to E ¢,¢(0;Y"), which is maximized at § = 6. Thus the inference bias,
IR(6o) — bo]|, will be equal to zero. However, R(fy) can be different from 6, in general (see supplementary
Section S1.1 for concrete examples.) Any simulation-based inference method that estimates a response
surface for £(6) using a metamodel inherently involves the possibility of nonzero inference bias, although the
method may be scalable. In contrast, methods like ABC or pseudo-marginal MCMC, which estimate the
likelihood L(6) separately for each 6 without relying on a metamodel, may be asymptotically exact as the
number of simulation increases but are not scalable. When the data size is large, the latter class of methods
is unlikely to yield smaller inference errors than the methods that use a metamodel. A numerical comparison
between our method and a pseudo-marginal MCMC method, presented in Section [6] supports this.



2.2 Local asymptotic normality for u(6;y;.,)

We develop the local asymptotic normality (LAN) for the mean function p(6;y;.,) of the simulated log-
likelihood £°(6;y1.,) under several assumptions. First, we assume that £%(6;y1.,) can be expressed as the
sum of log-likelihood estimates for individual observation pieces y;, i € 1:n.

Assumption 1. A log-likelihood estimator ¢ (0;vy;) is available for each observation y;, i € 1:n. These
individual simulated log-likelihoods sum to the simulated log-likelihood for the entire data yy.n:

n

ES(O; yl:n) = Z 615(97 yz)

i=1

For example, Assumption [1] is satisfied if y;, i € 1:n, are conditionally independent given X with
measurement density g(y1.,|X) = [[;—, g:(v:|X) and if the simulated log-likelihood is given by

n
05(0;y1:n) = l0g g(yr1:n] X) = Y log gs(wil X), X ~ Py,
=1

where we let ¢7(0;y;) = logg;(y;|X). Assumption [1] is also satisfied when the simulated log-likelihood
is obtained through the bootstrap particle filter for POMP models. See Section for details. Under
Assumption [1} we let p;(0;y;) = E£7(0;y;) such that expected simulated log-likelihood can be expressed as

0 yY1: n Z,u‘l 9 yz
We make the following additional assumptions. Recall that when the true parameter is g, the simulation-
based proxy is denoted by R(6y) = 0.

Assumption 2. The parameter space © is a subset of R%, and the individual expected simulated log-likelihood
wi(0;y:) is three times continuously differentiable with respect to 6 = (0(1y,...,0q)) for every y;, i € 1:n.

Assumption 3. There exists a positive definite matriz K1(0y) € R4*? such that as n — oo,

fzam 0.:Y) —  N(O,K1(60)),

Y1 nNP

where = indicates convergence in distribution.

Assumption 4. There exists a positive definite matriz Ko(0y) € R*? such that

H? ul i.p.
0.;Y:) —  —Ks(bo),
392 Yim~Py, 2(60)

where "B indicates convergence in probability.

Assumption 5. There exists an open ball By containing 6, and a constant C' such that for every i,

83Mi

<C.
89(k1)30(k2)89(k3) -

E sup max
0c By k1,ko,ks€l:d

(6;Y3)

Assumptions |3| and |4 are satisfied under mild conditions when Zf (0;Y;) are marginally independent, due
to the central limit theorem and the law of large numbers, respectively. The observations Y7.,, are marginally
independent, for example, when the components of X = (X1,...,X,,) are independent and Y; only depends
on X;, for i € 1:n. However, Assumptions [3] and [4 may still be satisfied for marginally dependent Y; if X
satisfies certain mixing conditions, as discussed in Supplementary Section S2.1.

Under Assumptions we obtain the following LAN result for p(0;Y1.,,).



Algorithm 1 Simulation-based parameter inference using a metamodel for £%(6; )

1: Input: observations yi., = (y1,...,¥n); collection of parameter values {6,,;m € 1: M} at which the
process X is simulated to obtain log-likelihood estimates

Output: p-values for hypothesis tests on the simulation-based proxy 6,

For each m € 1: M, simulate X under Pj,, to obtain a simulated log-likelihood ¢%(6,,,; y1.n)

Fit a quadratic polynomial to the points {(6,,, £%(0m, y1:n));m € 1: M}

Estimate K7(fp) as described in Algorithm

Carry out a metamodel likelihood ratio test as described in Section [d]using the fitted quadratic polynomial
and the estimate K;

Proposition 1 (Local asymptotic normality (LAN) for p(6; Y1.,)). Suppose that Assumptions[1{5 hold where
Vi ~ PY. Let

n

1
— *(0.;Y5).
2k
Then S, converges in distribution to N'(0, K1(6o)) and
T, LT

converges in probability to zero uniformly for t € B as n — oo for every bounded set B containing 0.

The proof of Proposition [I| is given in the supplementary text, Section S2.2. Proposition [I| can be
compared to the original LAN for the log-likelihood function £(theta), which states that there exists a
sequence of random variables {S/;n > 1} that converges in probability to N(0,Z(6y)) and such that

1
(B0 + 3 Yin) = £(00; Vi) = 7t = ST T(60)t + 0,(1)

as n — oo for every ¢ [23]. Tid observations Y7, satisfy this LAN property under certain regularity conditions
with Z(6p) equal to the Fisher information [32]. We summarize the differences between the original LAN
and Proposition [I| as follows:

1. Proposition [I] suggests an asymptotically quadratic approximation for the expected simulated log-
likelihood 1(6; Y1.5,), not for the log-likelihood function ¢(6; Y1.,,).

2. Whereas the original LAN for £(6;Y7.,) has both the scaled asymptotic negative curvature and the
asymptotic covariance for the random slope equal to the Fisher information,

192%¢ (H;len) . ae(eyyln)
i B G = i var (G522 ) =z

the LAN for u(0;Y1.,) has distinct values of K1(6p) and Ks(6p).

3. Proposition 1| considers a local approximation about the simulation-based proxy 6. = R(6p).

Tonides et al. [I8] overlooked these differences, thereby introducing bias and misspecifying uncertainty.
This paper properly addresses these issues by using a metamodel constructed based on Proposition [I}

2.3 Simulation metamodel

Proposition 1] states the local asymptotic property for u(6;Y1.,) = E£5(6;Y1.,) due to the randomness in
Yi., under ng . We will additionally assume that for the given observations y1.,, the simulated log-likelihood
0%(0; y1.) is approximately normally distributed. The approximate normality of % (6;%;.,) can be obtained
as a consequence of the central limit theorem when £ (6;y;) are independent or weakly dependent. Mixing
conditions similar to those discussed in Section S2.1 justifying Assumption [3] can also justify the asymptotic
normality of £°(6;y1.,,).



Assumption 6. For a given sequence of observations {y;;i > 1}, the simulated log-likelihoods 5 (0;y1.,)
satisfy

ES T _ cap.

(97y1.n) M(97y1n) = N
0(97 yl:n)

for every 0 in a neighborhood of 0, where o2 (0;y1.,) = Var{¢*(0;y1.,)}.

(0,1)

Assuming that the LAN for u(0;Y7.,) and Assumption |§| hold, the simulated log-likelihood £°(6;y1.,)
is approximately normally distributed with a quadratic mean function. We formulate these facts as our
metamodel, consisting of two parts. The first part states the normality of £°(6;y1.,) and the quadraticity of
1(0;y1.,) for given observations yi.,. This will be referred to as the conditional simulation metamodel given
the data.

Definition 3 (Conditional simulation metamodel given data). Given observations yi.,,, the simulated log-
likelihood is distributed as

for some a € R, b € RY, ¢ € R¥*? 52 € R, and a positive function w(#), for all § in a neighborhood of 6..

Here w(#) represents the precision of the simulated log-likelihood £°(6;y1.,,), often signifying the amount
of Monte Carlo efforts to obtain £%(6; y1., ). For instance, the log of the likelihood estimator obtained through
the particle filter has a variance that scales inversely proportional to the number of particles used [6]. In
this case, w(#) is equal to the number of particles. Section discusses more on the use of the particle filter
for POMP models. Thus we assume that w(6) is known at each § where simulations are performed, whereas
0%(y1.n) is an unknown quantity that will be estimated via simulations.

The second part of our metamodel describes the statistical properties of the coefficients of the quadratic
mean function u(0;Y;) explained by the LAN. Comparing @ and , we see that

1% (9* + Yl:n) - M(0*7 Yl:n)

t
\/ﬁ7

.
T (o )+ (02 o+ L) —bTe, —0Tco

t 1 2 1
T ﬁtTCt + —né)fct =St— itTK2(90)t + 0p(1)

vn vn

as n — oo under Yp., ~ ng. Thus we have

1 1
ne= —§K2(90) + op(1),

L = S —ch. + 0y(1) = Su + VK (0)0, + 0,1 N
% — n—%c*—i—op()— n /N 2(0)*+0P( )-

An asymptotic approximation given by will be referred to as a marginal simulation metamodel.

Definition 4 (Marginal simulation metamodel). The linear and quadratic coefficients b and ¢ for the mean
function of the conditional metamodel (Definition |3)) are given by

(Vi) = —gKQ(eo), (Vi) ~ N {nE2(00)0,, nK 1 (6)} (9)

where Yi., ~ ng.

We note that we do not make any assumption about the distribution of the constant term a(Y7.,). Since
the LAN property concerns the relative difference 1(0 + ﬁ; Y1.n) — p(0; Y1.p,), it enables estimation of R(6y)
without any knowledge on the constant term.

Algorithm (1| gives an outline of our simulation-based parameter inference method using the metamodel.
For inference, we simulate the process X under M parameter values 6,,, m € 1: M, and obtain simulated log-
likelihoods £5(0,,; y1.n). The metamodel parameters a, b, ¢, and 02 can be estimated by fitting a quadratic



Algorithm 2 The bootstrap particle filter for partially observed Markov processes

1: Input: observations y1., = (y1,...,¥n); parameter value 6; simulator of the distribution of X; under
Py; simulator of the conditional distribution of X;|X;_1 for ¢ € 2:n under Py; number of particles J

2: Output: particle approximations to the filtering distributions X;|y;.; for ¢ € 1:n; unbiased likelihood
estimator ﬁ(@; Y1:n)

3: forie€1l:ndo
4: if i =1 then ,
5: Simulate J iid particles X7/, j € 1:J, from the distribution of X; under Py
6: else _ o
7 Simulate X from X;|(X;—1 = X] ) for j € 1:J under Py
8: end if
9: Compute an estimate of the conditional density p(y;|y1.i—1;6) by
J
1
j Z yzl
10: Compute resampling weights

wl = gi(wil X7;0)/{JL:(0)}, je1:J
11: Resample particles by letting X f = X: : where
af ~ Categorical({1,...,J}, {w},... w/})

12: end for R .
13: Compute an unbiased likelihood estimator L(6;y1.,) = [[;—; L:i(0)

polynomial to the points {(6,,,£% (0pn; y1:m));m € 1: M} through standard weighted regression with weights
w(0,,). If the regression estimates are given by (a, b, ¢), we obtain a point estimate for the MESLE by

. 1 ..
arg mgmx& +0"0+0"7¢0 = —iéflb.

We note that the metamodel parameters (a, b, c) and 02 may not be estimated unless M > @ +d+1
where d is the dimension of the parameter vector.

We remark on the appropriate number of simulations M. In order for the MESLE to be identifiable, the
information on the location of 8, given by the curvature of the quadratic mean function in should be at
least comparable to the uncertainty in the estimated mean function. This condition can be approximately
stated as

o(Y1:n
(80)cln)00) 2 T, (10)
where 6 is the half-width of the window of parameter values {61,...,0)/} in which the simulations are

carried out. Since c(y1.,) = —5K2(0) often scales as O(n) and o(y1.n) = Var'/2{¢5(0; y1.,)} as O(y/n),
Equation implies that Oypse can be estimated at a scale ||§0] = O(n~'/?) that is comparable to
the statistical uncertainty |0ymsie(yin) — 0] = O(n~1/2) provided that M > O(n). If M < n, the
simulation-based uncertainty swamps the statistical uncertainty.

On the other hand, in order for the quadratic approximation of 1(6; y1.,,) to be valid on the given interval,
the third order term in the Taylor expansion of 1(8;y1.,) should be negligible relative to the simulation-based
uncertainty of order O(o(y1.,) - M~/2) = O(n'/2M~1/2). Since the third order term scales as O(n - [|66]|%),
the quadratic approximation is valid at a scale ||§6] = O(n~'/2) if O(n-||66]*) = O(n~/?) < O(n'/2M~1/?),
or M < O(n?).



2.4 Application to partially observed Markov processes (POMPs)

The particle filter is a class of recursive Monte Carlo algorithms for making inference for hidden Markov
models. The bootstrap particle filter runs by simulating the latent Markov process successively from one
observation time to the next, without evaluating the Markov transition density. An unbiased estimator of
the likelihood L(6;y1.,) can be obtained from the collections of simulated particles. Thus the bootstrap
particle filter can enable inference for implicitly defined, partially observed, Markov processes. Algorithm
gives a pseudocode for the bootstrap particle filter, with expressions for the unbiased likelihood estimator
L(0) and for the estimators L;(#) of the conditional densities p(y;|y1.i_1;6), i € 1:n.

We use the log of the unbiased likelihood estimator as the simulated log-likelihood £ (6; y1.,) = log ﬁ(&; Y1:n)
and use the individual simulated log-likelihoods given by £9(6;y;) = log L(e) By construction, we have
05(0) = >, £9(0), which is Assumption |1} Berard et al. [6] showed that the log of the unbiased likelihood
estimator minus the exact log-likelihood converges to a Gaussian limit under certain regularity conditions if
the number of particles J increases linearly with the time length n:

50 y1m) — 0(0; y1.0) =N (—302,0’2) , (11)

where o2 > 0 is a constant that depends on the model, the observed data, and lim, . 7. This result

justifies the asymptotic normality of £%(6;y1.,) described by the conditional metamodel (Definition [3) for
POMP models.

2.5 Bias in simulation-based inference

The Jensen bias B(0;y1.,) = €(0;y1.n) — 14(0;y1.n) depends on the tail distribution of the simulated log-
likelihood £°(6;y1.,,), as Equation suggests. Thus if £9(0;y1.,) has a heavy right tail, then the Jensen
bias can be large and hard to estimate. However, a bound on the Jensen bias can be obtained when £°(6; y1.,,)
has a light, sub-Gaussian right tail. Specifically, if
P£S(0) — (6 SR
— >t < e 207
(50) ~(0) > 1) < ——

for every t > 0 for some C, C’ > 0, then the Jensen bias is upper bounded by %2 +log(1+C"). Another case
where the Jensen bias can be bounded is when each individual simulated log-likelihood ¢7(6) is bounded
within an interval of width s;(0). Then the Jensen bias is upper bounded by >-"_, s;(#). This may be useful
if the observation space is compact. Section S3.2 in the supplementary text gives proofs for these results.

A bound on the inference bias ||R(6y) — 6o|| can be obtained when the Jensen bias can be uniformly
bounded on a certain neighborhood of R(fy) = 6, and when sufficiently accurate quadratic approximations
to U(6o,0) and H(0g,0) := —E g, {log p} (Y)} are available. Suppose that the second order Taylor expansion
of U(6p,0) about § = 6, and the second order Taylor expansion of H(fy,6) about § = 6y have an error of
at most € on the ball Ns(6,) of radius § around 6. If the expected Jensen bias E g, B(6; Y1.,) is uniformly
bounded by B on the same ball, then we have

R(Bg) — b < 267 A"1(B + 2e),
provided that the negative Hessian of U(6p,0) at 6 = 6, has the smallest eigenvalue \ satisfying A% >

2(B + 2¢). A similar result can be established for ||0yps.e — Omrel|. See Supplementary Section S3.3 for
details and proofs.

3 Estimation of 0yps,r and K;(6y)

3.1 Estimation of the metamodel parameters

For our normal, locally quadratic metamodel

2
S /0. - T T, 0 (Y1n)
22(0; y1:m) N{a+b 0+6 09,71”(9) },
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the mean function a + b'0 + 07 cf can be estimated by weighted least square regression. We will write
A = (a,b",vech(c)")" where vech(c) is the half-vectorization of the symmetric matrix ¢ = (Cij)iet:d,jer:d,
given by

T d(d+1)
vech(c) = (€11,€21, -+, Cd1,C22y -+« Cd2,y -« Cad) ERT2 .

We will write 6 = (6(1,...,0(4)" and denote by 62 the d x d matrix whose k-th diagonal entry is H(Qk) and
whose (k,1)-th entry is 2600 for k # I. We can then write

0" ch = vech(6?) "vech(c)
and the mean function as

;A :=a+b"04+0"ch=(1,0",vech(h*))A =: 002 4

2
where §%2 = (1,07, vech(62)T) " € R We will write
90:2T
0:2 ' Mx (Lgz)
01M = - S R 2 .
2T
0%

The log-likelihood for A and ¢? under our conditional metamodel is given by

02) (5(0m) — (03 A))?

2
Wy, 202 /wi,

1
10gpmeta(55(91:M)|A, 02) = Z D) log (27

m

where w, = w(f,,). Maximizing this metamodel log-likelihood is equivalent to a quadratic regression
with weights w,,, m € 1: M. We will write £3 := ¢9(6,,) and denote by W be the diagonal matrix with

. . . M ((243d+2 2 )
diagonal entries wy,...,wy. We assume that %2, € R X< 2 ) has rank ©+39+2  We use the notation
llvl|3, := v W such that

9 T
W (6% (Om) — 1(Om3 A))? = [|€20y — 073, Allfy

NE

m=1
where ¢7,, := (£5(01),...,£%(0a)) ". The maximum metamodel likelihood estimates for A and 02 = 02(y1.,)
are given by
. X 2 Too02 11002 T
A=(a,b" vech(e)")" = {613, WA} 1OV Wy, (12)

. 1 9 A
6> = <1160 — 03 AR (13
For the test of hypotheses
H() N A = A() = (a(),ba—,VECh(Co)T)T, 02 = 0(2), H1 : not I‘I()7

the metamodel log-likelihood ratio statistic is given by

108 Pmeta((Fas| A0, 08) M 6% |6 — 033, Aol
2

M
MLLR,, 52 := log —.
Ao,0d Sup 4,52 logpmeta(giM‘A7 02) 2

+ (14)

o8 203
As the number of simulation M grows, —2- MLLR A,02 converges in distribution to X2 13444 Under the null
4243444

hypothesis Hy : A = Ag,0? = 03. The degrees of freedom % equals the number of scalar metamodel

parameters, namely a, d entries of b, % diagonal and lower triangular entries of ¢, and 2. The finite
sample distribution of the MLLR A0z Statistic under the null hypothesis is characterized in supplementary
Section S4.1.

11



3.2 Estimation and uncertainty quantification for the MESLE

The maximum metamodel likelihood estimator for 8ypsy 5 is given by
OnpsLe = —557187

where b and ¢ are obtained by quadratic regression, . The variance of éMESLE scales as O(M _ln_l).
This can be seen by using the delta method as follows [32]. From (12), we can show that

Var(d) = o*{0903, W0R3,) !

and R

VM (Omesre — Omesie) = N(0,XyesLE),
where .

d(—3zc7'b) 2 T 0: I(—1c71b)

5 =o? (S22 ) (D M{eR3, Wb ) (S )
MESLE = O ( 3(a, b, ¢) ) R {67 1:M 9(a,b, c)
According to our marginal metamodel, b and ¢ scale as O(n), and we often have o2 = O(n). We also have
G?jﬁ/ITWQ?:}ZM = O(M). Hence, we have Var(Oypsre) = M- O(n"202) = O(M~'n"1).
Now we consider a finite sample test on Oppsr without using the delta method. The metamodel

log-likelihood ratio statistic for

Hy : Opmesie(Yim) = 05, Hi : Omesie(Yim) # 0wy, (15)
is given by
1
MLLRy,, = sup {MLLRAOVUS; — ¢ bo = b, of > 0} . (16)
For a given parameter vector § € R%, we denote by Opa¢ a d x % matrix
0y 02 - - O
Oa) ) O - b
Oumat = ) 0(2) 0 - (17)
) O2) by

so that we can write ¢ = Oyt vech(c). The test statistic and the critical value are given as follows.

Proposition 2. Let
U Ug be 02 T 0:2
U= aa @ =05 Woy:
(ubc,a ch,bc 1:M 1M

d2+43d  d243d

where uqq € R and Upepe € R™ 2 % , and let
o -1
V= ch,bc — Upc,algq Ua,be-

Then the MLLRy,, —statistic s given by

M
MLLRo,, =~ log ( M’SC}Q + 1)

where .

.
e (h o oag \T Iq “1 Iq s
g o (b - QCHHO) { (201—507mat v 291—;0,mat <b * 2CGHU).

Under the null hypothesis Hy : Oypsre = Om,, namely if A = Ag = (ag,bq , vech(co) )T satisfies —%cglbo =
011,, we have for any o > 0
M — d?+3d+2
Mds? d,M— 32

12



Proposition |2 suggests rejecting the null hypothesis in when
2
(M _d +gd+2)£
Mds?

to achieve a significance level of «. The p-value is given by

> Fy o a2isase

d? +3d+2 R
P[Fd,M_dhgdﬂ > (M - f)g/(MdU%]'
For the case where € is one dimensional (i.e., d = 1), a confidence interval for 8)gs.r can be obtained as
follows.

Corollary 1. Assume that the parameter space is one dimensional (i.e., © C R). Let V be as in Proposi-
tion @ Then a level 1 — « confidence interval for Opypsie is given by

{6; [4(M = 3)é* det V — AM & Fy 0y 3,6 Vip | 602
+ [4(M — 3)bedet V + AMGFy pr—3,0Voe] 0
+ (M —3)b*det V — M62Fy pr—3,0Vee < 0}.

If the quadratic coefficient in is negative and the discriminant of the left hand side is nonnegative,
then the constructed confidence interval will be of the form (—oo, LB)U(UB, c0) where —oo < LB < UB < 0.
This situation arises roughly when ¢2 < 62/M. To see this, we note that for d = 1 we have

Ve Vi) 02— (02 03-0-62
V‘(VLC m)‘(;wm)(me.w 71— (37)?

where 07 = (3", w03,)/(32,, Wm), j € 1:4, and thus det V = Vi Ve — Vi2 = O(M) - Vip. The coefficient for
62 in may be negative if F e < 62/M. This implies that the MESLE may not be estimated if the signal
to noise ratio is too small. If the discriminant of the quadratic polynomial in is negative, the confidence
interval is the entire real line (—oo, 00), and the MESLE may not be estimated either.

The p-value and the confidence interval developed in this section can be numerically found using the ht
and ci functions in R package sbi (https://github.com/joonhap/sbi.git).

3.3 Estimation of K;(6)

The marginal metamodel (Defnition {4 implies that K5 (6y) can be estimated by —2¢, where ¢ is given by
(12). Estimation of Kj(6p) is more complicated, because it involves estimating the variability in 20 (045 Y1),
where only a single set of observations y;., is available. One possible method for ebtlmatlng K1(6o) is to
use parametric bootstrap, where we generate npoo; Sets of observations yboot Foat 0 = GMESLE for k €
1:npoot and compute the sample covariance matrix of 2 (GMESLE,ylc;LOt k) for those bootstrap samples.
However, this approach has two major disadvantages. F1rst for each bootstrap sample, simulated log-
likelihoods £ (6,,; y°°"*) need to be obtained in order to estimate g—’;(éMESLE,y?ZOt ¥), which increases
the computational complexity by a factor of nboot Another disadvantage is that if our simulator Py is
misspecified, the sample variance of %(é MESLE; Y1 (;Ot k) may have a non-negligible bias.

Here we propose a method where K7 () is estimated using the given data y;.,. We divide the observations
y1.n into blocks and assume that these blocks of observations are approximately independent of each other
and identically distributed, marginally over the law of X. This assumption may hold if the process X
is approximately stationary and possesses a mixing property. Since the derivative of the mean function

evaluated at 6, is given by
(6‘*, A) =b+2cl, = (Od, 14,20, mat)A

00
where 04 € R is a column vector of zeros, the derivative of the mean function at 6, can be estimated by
6u of
Y1) = G A) = 2¢0 = 1d, 20, ma A.

13


https://github.com/joonhap/sbi.git

Algorithm 3 Estimation of K7(6y) using block partitioning

1: Choose ¥, an approximate guess for ., such as the average of {0,,;m € 1: M}

2: Fit a quadratic polynomial to { (0, £° (0,5 y1:));m € 1: M} and let %‘(19; y1.n) be the slope of the fitted
quadratic polynomial at

3: Obtain an estimate of %IE Var (gg(ﬁ; Y1)

Y1;n>} via

4: Partition {1,...,n} into blocks By, ..., Bx such that (Y;;¢ € By) are approximately independent of each
other
5: for ke 1: K do
: Fit a quadratic polynomial to {(0m, > _;cp, 02 (O yi));m € 1: M}

—_—
BﬂBk

7: Let
8: end for

(9;yp, ) denote the slope of the fitted quadratic polynomial at ¢
9: Let %\//a\ryl‘aney {g‘e‘(ﬁ;}ﬁm)} be the (weighted) sample variance of{ 5ok (3yB, )k € 1: K} as given
o 0

by
10: Let K1(6p) be minus

where A = (a,b,¢) is given by Equation (I2). Since A is unbiased for A, we have

Ok
06 00

Y1n> =b+2c, =

We can estimate K1(0g) = lim,, %Varyllnwpsy %(0*; Y1.n) using the expression
: 0

)

1 ou 1 5\
= nVarylnNPy {89 (0*7Y1n)} — EEYLnNPQT) {Var (89 (9*,Y1 n)

1 o
nVaryl nNPY {]E <69 (0*7}/1 71)

Yl n) } ’ (19)

The steps for estimating K7(fy) are summarized in Algorithm The conditional variance in the second
term on the right hand side of is given by

8u

Yl n) = (Od, Id, 20*,mat)var(A|len)<0d; Id; 29*7mat)Ta

where we have

Var(A\Ylm) = (0(1) ng M) Q(len)-
Thus, the second term on the right hand side of can be approximated by

&2 Yi 2 T : -
% (0, T, 20mat) {093, WOV} (0a, Tas 20mat) T (20)

where ¥ is a reasonable guess for 6., such as the average of 01, ...,60x, and 62(Y1.,) is given by (L3).

The first term on the right hand side of Lvary, P {‘3’5(0*;}/’1:”) can be estimated as fol-

’n

lows. Let By, ..., Bx be contiguous, non-overlapping blocks partitioning the set {1,...,n} chosen such that
{Yi;i € Bi}, k € 1: K, are approximately independent of each other. A quadratic polynomial is fitted to
{0, D5 B, 02 (0 yi);m € 1: M} for each block k € 1: K. Let the estimated slope of the fitted quadratic

/\

polynomial for the k-th block evaluated at ¢ be denoted by ”B" (). Then the first term on the right hand

14
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side of can be estimated by the weighted sample variance of {a“B’“ (9);k € 1: K}, given by

K Y K o — Y K 75— T
1 1 aMBk 1 5#& 1 Ousg, 1 Oup,
—— > IBil | 5 = — 9) — = 9 21
K 1;::' k|<|Bk| 96 7 ni= 00 ><|Bk| o6 ") n; o6 ") &)

where |By| denotes the size of By. An estimate of K;(f) is obtained by subtracting (20) from (21I). The
standard error of this estimate scales as O(n~1/?).

4 Estimation and uncertainty quantification for the simulation-
based proxy 0,

In this section, we develop a hypothesis testing procedure for the simulation-based proxy R(6y) =: 6..
We assume that the variance 2(;y1.,) of £5(0;y1.,) is constant in the local neighborhood of 6, where
simulations are carried out. Our approach differs from the method proposed by Ionides et al. [I§] in two
key ways: (a) we account for the difference between the local asymptotic normality for the log-likelihood
function £(0;Y") and that of the expected simulated log-likelihood function u(6;Y), and (b) we avoid using
the delta method approximation.

We employ a restricted maximum likelihood (REML) approach, using the relative differences £(6,,; Y1.,,) —
£(01;Y1.n), for m € 2: M, to eliminate the dependence on a(Y7.,), which often has an intractable distribution.
The reference point is chosen to 67 without loss of generality. The conditional metamodel (Definition [3|) gives
that

,Uf(em, Yl:n) - N(elv Yl:n) = bT(em - 91) + e;rqcem - 9?091 = (971712 - 9%:2)T ( b ) 5

vech(c)
2
where 012 = (6} ,vech(62,)T)T € RMX “=**_ We will denote the relative differences by (05 — 05, 05, —
T = C’Ef:M, where C = (—=1pr_1,Ipr—1) € RM=DXM " The distribution of C¢7,, conditional on the
observations Y7., is given by
. b
S 1:2 2 1 —1 AT
Clpg| Y1 ~ N (CQLM (vech(c)) ,0°CW=C ) . (22)

We will assume that C6}:3, has a full column rank. The marginal metamodel (Definition |4)) states that
C(len) = 7§K2(90), b(Yln) ~ N{an(eg)G*,nKl(Qo)} = N{*QCH*,TLKl(Go)} .

We will assume that b(Y7.,) and 0%(Y7.,) are independent. Under this assumption, we have

—2cb,

Carlo® ~ 7 (€033 (it

) 2CWCT 4 COy.ynK 0] MCT) (23)

The density of evaluated for C¢5,, will be referred to as the marginal metamodel likelihood and
denoted by ppeta. Mathematical details for this section are given in the supplementary text Sectlon S5.
By maximizing this marginal metamodel likelihood usmg the plug-in estimates 62 given by (13) and K,
obtained via Algorithm |3 l we obtain point estimators 0, and ¢ satisfying

—2¢0, 12 T4 Tt Tp
(Vech(é)) G } 01 Plin, (24)
where

P .= C'T{C'VV*lC'—r + &72091:Mnk19IMCT}7IC'

The estimate é* was very close to 0 mEesLe for all numerical examples we considered in Section We also
obtain a second-stage estimate estimate for the variance o2, given by

1

“ . T~ - T A
Ot = G- ot {03 Pt} o e (25)

P
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We carry out a test on the simulation-based proxy
Hy:0, = 9*,0; Hy: 0. # 9*,0
using the marginal metamodel log likelihood ratio defined as

Supc,‘:r2 pmeta(ce‘ls:Mw*‘o, C, 0'2)
SUPy, c,02 pmeta(CKf:M |0*, c, 0'2) '

The distribution of MLLRy, , under Hy is described by Proposition @

MLLRy, , = log

ey 1:2 9*,O,mat
Proposition 3. Let T(0,0) =075, | _1 and

1
+d
2 ere

S(040) = T(04.0){T(040) " PT(0s0)} *T(6.0)".

Then the metamodel log-likelihood ratio MLLRg, , is given by

M—-1 Inr—1— S(0.0)PYS /)1
MLk, = -2 logII{M 1= S0.0) PY

&an
Furthermore, if Assumptions hold,

M — L2 {Ty g = S(0u0) PHE MG )
d (M —1)63,4

~Fy e (26)

under Hy : 0, = 0, ¢, provided that 52 =02 and Kl = K.

Proposition [3| suggests that we reject Hy : 0, = 0, ¢ when

N 2 dFd M7d2+3d+2 a
{1 = SO0 PYE ||, > (M = 1530 ( e+ (27)
2

to achieve an approximate significance level «. If we denote the left hand side of by F, then an
approximate p-value is given by P[F A d2tsatz > F].
) 2

When d = 1, an approximate level 1 — « confidence interval for 6, can be obtained by inverting the
hypothesis test.

Corollary 2. Assume that the parameter space is one dimensional (i.e., © C R). Write Giﬁ/l—rpﬂﬁw =

(Pu P12> and
P12 P22

2 N F17M73,a o0 T4
Go = [Eallp — (M = 1)63,4 <M_3 + 1> ) (g;) =013 Pl
Then under Assumptions[I{8, an approzimate level 1 — « confidence interval for 0, is given by
1
{9*,0; (Cop11 = €1)02 o + (C1la — Copra)buo + Z(ﬂzz(o -$) < 0} : (28)

The approximate p-value and the approximate confidence interval developed in this section can be nu-
merically found using the ht and ci functions in R package sbi.

There is a bias-variance trade-off in the choice of the simulation points {6,,;m € 1: M }. If the simulation
points are chosen within a narrow range, the quadratic approximation to p(#) will be relatively accurate
in that range, resulting in a smaller inference bias. However, the regression estimates will exhibit greater
variance, leading to wider confidence intervals. In practice, a balance can be achieved by considering both
the statistical significance of the third-order term in the Taylor expansion approximation of p(#) and the
size of the constructed confidence region, as demonstrated in Section [5]
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Figure 2: Simulated log-likelihoods for the gamma-Poisson process. The 90% and 95% confidence intervals
constructed for the simulation-based proxy A, are marked by gray vertical lines. The true value of A is
marked by the vertical dashed line. The blue dashed curve indicates the fitted quadratic polynomial, and
the red dashed curve the exact log-likelihood function, with a vertical shift for better visual comparison.

5 Numerical results

We numerically test the simulation-based parameter inference methods developed in Sections [3] and [4 All
hypothesis tests were carried out using the ht and ci functions in R package sbi (available at https:
//github.com/joonhap/sbi.git|). Additional numerical results are provided in Supplementary Section S7.

5.1 Gamma process with Poisson observations

We first consider independent, gamma distributed draws Xi., ud I'(v,A) and conditionally independent
Poisson observations Y; of X;, for i € 1:n. We consider estimating A, assuming that ~ is known. We
generate n = 1000 observations ¥;., for v = 1, A = 1. Simulations Xj., g I'(1,\) are carried out at
A=10+£0.001x%xk, k=0,...,200 (M = 401). Example S1 in the supplementary text shows that the
MESLE is given by (ny)/ Y., y; and that the simulation-based proxy A, is equal to the true parameter
value A = 1. Additionally, it shows that K;(\) = 2 and K3(\) = 1 are different, and both differ from the
Fisher information Z(\) = .

Figure [2| shows the simulated log-likelihoods and 90% and 95% confidence intervals constructed for
the simulation-based proxy A, marked by pairs of gray vertical lines. The fitted quadratic polynomial is
indicated by the blue curve, and the exact log-likelihood by the red curve with a vertical shift for easier
comparison with the fitted polynomial. These curves show that the second order derivative of the fitted
quadratic function is different than that of the log-likelihood function, aligning with the fact that Ks(\) =1
is not equal to the Fisher information Z(\) = % Hence, using the approximate method by Ionides et al. [18]
would lead to misquantified parameter uncertainty.

For the given data y;.,, we estimated Ajypsrp by simulating X;., at varied A values and applying the
method introduced in Section [3:2l We replicated this experiment ten thousand times. For each replication,
a hypothesis test for the MESLE, Hy : Aygsie = Am,, Hi : AmesLe # Am,, was carried out. The left panel
of Figure |3 shows the distribution of the point estimates for \ygsrg. These estimates are centered around
the exact value with an interquartile range of approximately 0.05. The right panel in Figure [3| shows the
proportion of the hypothesis tests where the null hypothesis for varied Ap, is rejected at a 5% significance
level. This plot shows that the empirical significance level aligns with the nominal level and that the test
has reasonably high power when the difference between Aypsrr and the null value Ag, is greater than
approximately 0.1.

We independently generated data y;., ten thousand times at A\g = 1 and estimated the simulation based
proxy A, using the method developed in Section E} Tests on the simulation-based proxy, Hy : A« = A,
Hy @ Ay # Ao were carried out for varied null values A, o. The left panel of Figure E| shows the distribution
of the point estimates A, which was approximately centered at the true parameter value. The right panel of
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Figure 3: The left panel shows the distribution of the estimate A mEsLE over 10000 replications of simulation-
’tgased estimation. The exact value of Ay gspr is marked by the vertical dashed line. A small number of
AvesLe that were outside the displayed range were omitted from the plot. The right plot shows the estimated

rejection probabilities for Hy : AygsLe = Am, at a 5% significance level for varied null values Ag,. The blue
horizontal line indicates the significance level.
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Figure 4: The distribution of the estimates for the simulation-based proxy A. (left) and the estimates for
K, (right). The dashed lines indicate the true values of A and K.

Figure 5: The left panel shows the probability of rejecting the null hypothesis Hy : A = Ao at a 5%
significance level for varied null values A, . The right panel shows the probability of rejecting the null
hypothesis when the exact value of K;(\g) is used instead of an estimated value.
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Figure 6: Left, simulated log-likelihoods and constructed confidence intervals for logit(x) in the stochastic
volatility model. Middle, simulated log-likelihoods and confidence intervals for log(7). Right, the constructed
confidence regions for (k,7) at 95%, 90%, and 80% confidence levels. The true parameter values are marked
by with an ‘X’.

Figure (4] shows the distribution of the estimates for K 1(Ag), estimated using Algorithm [3| The distribution
of K is centered at the exact value of K7()\g) = 2.

The left panel in Figure [5| shows the empirical proportions where Hy : Ax = A. is rejected at a 5%
significance level for varied A, . The empirical rejection probability was 0.09 at the true null value A, o = 1.
The rejection probability was closest to the significance level 0.05 approximately at A, o = 1.025. One of the
reasons for this bias is the use of an estimated value of K7()\g), obtained by Algorithm 3| If we instead use
the exact value K7 (o) for the hypothesis tests, the power curve has a smaller bias, as shown by the right
plot of Figure [5} However, there is still a bias when the exact Kj(\g) is used; this is possibly due to the
metamodel not being exact or the violation of the assumption that S, (Y1.,) and ¢2(Y1.,) are independent.

5.2 Stochastic volatility model

We consider a stochastic volatility model, where the distribution of the log rate of return r; of a stock at
time ¢ is described by

ro= Wi, Wi i,
where s; denotes the volatility at time ¢ and ¢5 the ¢ distribution with five degrees of freedom. The distribution
of the stochastic volatility process {s;} is described by

si =ksi_1+7V1—r2V, fori>1, s =71V, W@N(O,l).

The rates of return r; are observed for i € 1:n where n = 500. We simulate the stochastic volatility process
for Kk = 0.8, 7 = 1 and generate an observed data sequence ry.,.

The bootstrap particle filter was run at varied parameter values 6 = (k, 7) to obtain likelihood estimates
using the R package pomp [21, 20]. The simulated log-likelihoods £°(6; 1., ) were obtained by the logarithm of
the likelihood estimates. The parameter x was assumed to be between 0 and 1 and was estimated on the logit
scale. The parameter T was estimated on the log scale. The left and the middle plots in Figure 6] respectively
show the simulated log-likelihoods and the constructed confidence intervals for logit(x) and log(7) where the
other parameter was fixed at its true value. The right plot shows the 80%, 90%, and 95% confidence regions
constructed by carrying out the hypothesis tests jointly for both parameters, Hy : (k«,Ts) = (Kx,0, Te,0),
Hy : (Ku, T) = (K0, Tx0), for varied null value pairs and marking those for which the p-value is greater than
20%, 10%, and 5%, respectively. All three constructed confidence regions encompass the true parameter
value.

Hypothesis tests were replicated one thousand times, each time generating a new observation sequence
under x = 0.8 and 7 = 1. Figure [7|shows the estimated probabilities of rejecting the null hypothesis at a 5%
significance level for varied null values. For tests on either parameter, the empirically estimated significance
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Figure 7: Left, the probability of rejecting the null hypothesis Hy : k. = k4 for varied null values. Middle,
the probabilies of rejecting Hy : 7. = 7, for varied null values. Right, the probabilities of rejecting
Hy : (Ks,Ts) = (K0, Tx,0) for varied null value pairs, with level sets indicated. The true parameter values
are marked by an ‘X’. All tests were carried out using a 5% significance level.
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Figure 8: Left, the simulated log-likelihoods and the constructed 90% and 95% confidence intervals for
log(Ryp). Right, the probability of rejecting the null hypothesis for varied null values of Ry at a 5% significance
level. The true value is indicated by the dashed vertical line.

levels were close to the nominal significance level of 0.05, and the power increased as the null values diverged
from the true values. The right plot of Figure [7] shows the rejection probability for the simultaneous test
on both parameters. The empirical significance level was approximately 7.3%, and the rejection probability
increased as (K0, Tx,0) moved farther from the true values.

5.3 Stochastic SEIR model for population dynamics of measles transmission

We demonstrate our parameter inference procedure applied to a mechanistic model describing the population
dynamics of measles transmission in England and Wales between 1950 and 1964. Weekly reported case
data for twenty cities were analyzed by He et al. [I7] using a stochastic compartment model consisting of
the susceptible (S), exposed (E), infectious (I), and recovered (R) compartments. Partial observations of
the compartment sizes are given by weekly reported case numbers, which are random fractions of weekly
aggregate transitions from the infectious to the recovered compartment. We carried out parameter inference
for the basic reproduction number Ry. Model details as well as additional parameter inference results are
given in the supplementary text Section S7.3.

We simulated the SEIR model at a suitably chosen parameter vector and generated a sequence of weekly
reported cases data. Unbiased likelihood estimate for the observed data sequence were obtained for varied
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parameters using the bootstrap particle filter via the R package pomp. The left plot of Figure |8 shows
the simulated log-likelihoods for varied log(Rp) and the constructed 90% and 95% confidence intervals.
Simulations were carried out at M = 100 points uniformly placed between the exact value £0.1 on the log
scale. We replicated simulation-based inference for Ry one thousand times. The right plot of Figure [§shows
the probability of rejecting the null hypothesis at a 5% significance level for varied null values of Ry. The
empirical significance level was somewhat higher than the nominal significance level. However, the rejection
probability was minimized near the true parameter value, indicating a reasonably small bias in parameter
inference.

6 Comparison with pseudo-marginal MCMC

We compare our metamodel-based inference method to a pseudo-marginal Markov chain Monte Carlo method
in terms of sampling efficiency. For a metamodel-based method, the condition for parameter identifiability

(9.

T > U(ylzn)
implies that for given data y;.,, the standard error of our metamodel-based parameter estimator scales
approximately as ||60] = O(M~'/*) as the number of simulation M increases. We will demonstrate that
pseudo-marginal MCMC methods scale much more poorly, with the rate of ||§6]| scaling as O((log M)~1/4),
which is significantly worse than our metamodel-based method.

Pseudo-marginal Markov chain Monte Carlo enables Bayesian inference where an unbiased estimator
L(0; y1.n) of the likelihood L(6;y1.,) is available [2]. When the unbiased likelihood estimator is obtained for
a POMP model using the particle filter, the method is referred to as particle Markov chain Monte Carlo
(PMCMC) [1]. Pseudo-marginal MCMC constructs a Markov chain having the posterior density

77(9|y1:n) X h(@) : L(9§ yl:n)

as a stationary distribution, where h(0) denotes the density of a prior distribution. Suppose that at a certain
point, the current state of the constructed Markov chain is § and an unbiased likelihood estimate ]3(0; Y1:n)
has been obtained. A candidate 6’ for the next state of the Markov chain is proposed using a proposal kernel
with density ¢(#'|0). If we denote by L(#;y1.) a new Monte Carlo likelihood estimate obtained by running
simulations under #’, the proposed candidate 6" is accepted with probability

i (1 hw’)i(eeylm)q(eww) |

(29)

h(0)L(6; y1.:n)q(6']6)

The elements of the constructed Markov chain are considered as approximate draws from the target posterior
distribution.

Consider a Markov chain of length M constructed by pseudo-marginal MCMC, where the initial state of
the chain is denoted by #; and subsequent proposed values are denoted by 65, ...,0;. Since a simulation-
based likelihood estimate is obtained at each step of pseudo-marginal MCMC, the total number of simulations
is the same as that when we apply a metamodel-based method using M simulated log-likelihoods. For
simplicity, we will suppose that the acceptance probability for 6’ given a current state 6 is approximately
given by

‘.
min <1, W) = exp[—{£5(0) — £5(0")}4] where a4 := max(a, 0)
L(ea yl:n)

h(0")q(0]0")
h(6)q(6710)

(5(0) = log L(0; y1.,,) is normally distributed such that we can write

by assuming that the log ratio is small compared to the difference in ¢5. We suppose that

05(0,) = 1(Om) + 0 Zm,  Zm < N(0,1), mel:M

and that u(#) = const. + (0 —0ymsrr) ' ¢(0—0yesie). Then a candidate 6,, has a high chance to be accepted
if w(0,) + 02, is relatively large among other values. Denote the ordered simulation-based random variates
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Figure 9: Left, a traceplot of a Markov chain of length M = 1000 constructed using pseudo-marginal MCMC
for Example 2| An exact 95% credible interval is marked by two vertical dashed lines, and a 95% credible
interval constructed using the MCMC draws by two vertical gray lines. Right, a 95% confidence interval for
0 constructed with our metamodel-based method using M = 1000 simulations is marked by gray vertical
lines. The exact 95% confidence interval, marked by dashed vertical lines, is identical to the exact 95%
credible interval in the left panel.

Zy,.. Zy by Z1y 2 Zgy = -+ = Zry and the corresponding parameter values by 61y, ..., 0. In order
to obtain an approximate lower bound on the Monte Carlo standard error for parameter estimator derived
from pseudo-marginal MCMC, we consider the case where the second largest random error 0Z ) is obtained
at 0ypsp—that is, we assume 0(2) = OpEespe. The proposal 9(1) will be accepted with probability one,
provided that

(1)) +0Zy > 1(b2)) + 0Z2),

or
Zay = Zay = o H{p0) — 0y} = 0~ (0) — i2) "0y — O2))-
In supplementary text (Section S8), we show that

Z(l) — Z(2) = (’)((log M)_l/Q).

Hence, we have
161y = Onsmsrill = llell~/20"/? (log(M))~1/* = O((log M) ~/*). (30)

The result also implies that in order to obtain a desired level of standard error, a pseudo-marginal MCMC
should run for a length that scales exponentially with the Monte Carlo variance . This is consistent with
the results by Pitt et al. [27] and Doucet et al. [I5] that the computational budget is optimally allocated for
pseudo-marginal MCMC when a sufficiently large amount of Monte Carlo efforts are invested in each step to
obtain a precision of o2 ~ 1. In cases where a particle filter is used to obtain likelihood estimates, o2 often
scales inversely with the number of particles used [6]. However, o2 also scales exponentially with the data
size n, implying that the number of particles should scale exponentially with n.
We numerically compare pseudo-marginal MCMC with our method using the following example.

Example 2. Consider Xj., o (6,72) and conditionally independent observations Y;|X; ~ N(X;, 1),
i € 1:n where 7 = 30 is known. Suppose that observations y;., are available with n = 200. Independent
simulations X;., are drawn from the N(6,72) distribution, and the simulated log-likelihood is given by
5(0) = -1 ;l:l(XZ- —y;)? — Zlog(2m). The exact MLE is given by the sample mean, §j = 23" | v;.
Marginally, Y; % N (0,72 41), and the exact 95% confidence interval for 6 is given by §4 20025 /(72 + 1)/n
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Figure 10: Left, the distribution of point estimates for 6 obtained by pseudo-marginal MCMC and our
method using M = 103 and 10° simulations. The exact MLE (= %) is indicated by the horizontal line.
Right, the distribution of the widths of the constructed 95% credible intervals for pseudo-marginal MCMC
and those of the 95% confidence intervals constructed using our metamodel-based method. The width of the
exact 95% credible interval and the exact 95% confidence interval is indicated by the horizontal line.

where P[N(0,1) > 29025 = 1.96] = 0.025. For Bayesian inference, we consider a flat prior h(f) = 1. The

posterior distribution is given by 0|y1., ~ N (¥, 72:1 ), and the 95% Bayesian credible interval is identical to

the 95% confidence interval, § & z0.025 - /(72 + 1)/n.

We run pseudo-marginal MCMC for lengths M = 103 and 10° with proposal kernel 6’ ~ N'(6,3%) where
0 denotes the current state of the constructed Markov chain. We also construct a point estimate and a 95%
confidence interval for # using our metamodel-based method using M = 10% and 10° simulations. The left
plot of Figure [0] shows a traceplot for a pseudo-marginal MCMC run of length M = 1000. The displayed
traceplot shows that the Markov chain draws remain outside the exact 95% credible interval for most of
the running period. Additionally, the frequency of state changes decreases as the chain progresses. This
occurs because a proposed candidate is more likely to be accepted when the likelihood estimate Lis higher
than the current value of I:, which gradually increases over time. Thus, a point estimator of 6 derived from
pseudo-marginal MCMC, based on the sample average of a relatively small number of distinct sample values,
has high Monte Carlo variance. In contrast, the right panel of Figure [9] shows that a 95% confidence interval
constructed using our metamodel-based method is reasonably close to the exact confidence interval, with a
moderately greater width due to simulation randomness.

Figure shows the distribution of point estimates and the widths of constructed 95% credible and
confidence intervals for two hundred replications of each method. The left panel illustrates that the point
estimates derived from pseudo-marginal MCMC exhibit significantly higher variation than those obtained by
our method. For pseudo-marginal MCMC, the variation decreases only marginally when the number of itera-
tions M increases from 103 to 10°, supporting our previous heuristic analysis that the Monte Carlo standard
error scales approximately as O((log M )*1/ 4). In contrast, point estimates obtained by our metamodel-based
method have both high precision and high accuracy.

The right panel of Figure shows that the widths of the 95% credible intervals constructed using
pseudo-marginal MCMC have substantial variation and a significant downward bias relative to the width of
the exact 95% credible interval. In contrast, the widths of the 95% confidence intervals constructed using our
metamodel-based method have only a moderate upward bias and variation when M = 1000. Both the bias
and the variance decreases substantially when the number of simulations is increased to M = 10°, due to the
favorable scaling rate of the metamodel-based approach. For our metamodel-based method, 95% confidence
intervals were constructed as described in Corollary [2] of Section [4]
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7 Discussion

We developed a scalable inference method for models implicitly defined using simulators. Implicitly defined,
mechanistic models for the processes of interest can enable interpretable inference and accurate prediction.
However, exact simulation-based inference for these models is often impossible due to exponentially scaling
Monte Carlo errors. Our method employs a metamodel for the Monte Carlo log-likelihood estimator, enabling
highly scalable inference. We propose a principled approach to uncertainty quantification, which is often not
addressed by recent methods using machine learning techniques that train surrogate models approximating
the distribution of observations. Our metamodel-based approach also differs from the synthetic likelihood
method proposed by Wood [33], in that our metamodel describes the distribution of the log-likelihood
estimator rather than that of summary statistics selected using domain knowledge.

We leave a few ideas that stem from the current work for future projects. First, an active learning strategy
for optimal sequential selection of simulation points could be developed. Second, the assumptions in our
metamodel may be relaxed to account for heteroskedasticity of log-likelihood estimators. The extended
model is likely to pose challenges in parameter estimation and uncertainty quantification, which might
be addressed using suitable computational Bayesian methods. Third, our inference framework using a
metamodel for the log-likelihood estimator may be applied to likelihood estimates obtained from recently
developed tools such as normalizing flows. This application may benefit from a semiparametric extension of
the metamodel, incorporating Gaussian-process-valued fluctuations around the quadratic approximation of
the mean function.

The parameter inference methods developed in this paper are implemented in the R package sbi (https:
//github.com/joonhap/sbi).

Acknowledgments

The author is grateful to Edward Ionides for his comments on earlier drafts of this manuscript.

References

[1] C. ANDRIEU, A. DOUCET, AND R. HOLENSTEIN, Particle Markov chain Monte Carlo methods, J. R.
Stat. Soc. Ser. B. Stat. Methodol., 72 (2010), pp. 269-342, https://doi.org/10.1111/j.1467-9868.
2009.00736.x.

[2] C. ANDRIEU AND G. O. ROBERTS, The pseudo-marginal approach for efficient Monte Carlo computa-
tions, Ann. Statist., 37 (2009), pp. 697-725.

[3] R. R. BARTON AND M. MECKESHEIMER, Metamodel-based simulation optimization, Handbooks in
operations research and management science, 13 (2006), pp. 535-574.

[4] M. A. BEAUMONT, Estimation of population growth or decline in genetically monitored populations,
Genetics, 164 (2003), pp. 1139-1160.

[5] M. A. BEAUMONT, W. ZHANG, AND D. J. BALDING, Approzimate Bayesian computation in population
genetics, Genetics, 162 (2002), pp. 2025-2035.

[6] J. BERARD, P. DEL MORAL, AND A. DOUCET, A lognormal central limit theorem for particle approz-
imations of normalizing constants, Electron. J. Probab, 19 (2014), pp. 1-28.

[7] O. CaPPE, S. J. GODSILL, AND E. MOULINES, An overview of existing methods and recent advances
in sequential Monte Carlo, Proceedings of the IEEE, 95 (2007), pp. 899-924.

[8] F. CErou, P. DEL MORAL, AND A. GUYADER, A nonasymptotic theorem for unnormalized feynman—
kac particle models, Ann. Inst. Henri Poincar “e Probab. Stat., 47 (2011), pp. 629-649.

[9] K. CRANMER, J. BREHMER, AND G. LOUPPE, The frontier of simulation-based inference, Proc. Natl.
Acad. Sci. USA, 117 (2020), pp. 30055-30062.

24


https://github.com/joonhap/sbi
https://github.com/joonhap/sbi
https://doi.org/10.1111/j.1467-9868.2009.00736.x
https://doi.org/10.1111/j.1467-9868.2009.00736.x

[10]

[11]

[12]

[13]

[14]

[15]

[21]

[22]

[23]

P. DEL MORAL, Feynman-Kac Formulae: Genealogical and Interacting Particle Systems with Applica-
tions, Springer, New York, 2004.

P. J. DicGLE AND R. J. GRATTON, Monte Carlo methods of inference for implicit statistical models,
J. R. Stat. Soc. Ser. B. Stat. Methodol., (1984), pp. 193-227.

L. DinH, D. KRUEGER, AND Y. BENGIO, NICE: Non-linear independent components estimation,
(2014), https://arxiv.org/abs/1410.8516.

L. DinH, J. SOHL-DICKSTEIN, AND S. BENGIO, Density estimation using real NVP, in International
Conference on Learning Representations, 2017.

A. DouceT, N. DE FREITAS, AND N. GORDON, An introduction to sequential Monte Carlo methods, in
Sequential Monte Carlo methods in practice, A. Doucet, N. De Freitas, and N. Gordon, eds., Springer,
2001, ch. 1, pp. 3-14.

A. Doucetr, M. PiTtT, G. DELIGIANNIDIS, AND R. KOHN, FEfficient implementation of Markov chain
Monte Carlo when using an unbiased likelihood estimator, Biometrika, 102 (2015), pp. 295-313.

N. J. GorpoN, D. J. SALMOND, AND A. F. SMITH, Nowel approach to nonlinear/non-Gaussian
Bayesian state estimation, IEE Proceedings F (Radar and Signal Processing), 140 (1993), pp. 107-113.

D. Hg, E. L. IoNIDES, AND A. A. KING, Plug-and-play inference for disease dynamics: measles in
large and small populations as a case study, Journal of the Royal Society Interface, 7 (2009), pp. 271-283.

E. L. ToniDES, C. BRETO, J. PARK, R. A. SMITH, AND A. A. KING, Monte Carlo profile confidence
intervals for dynamic systems, Journal of The Royal Society Interface, 14 (2017), p. 20170126, https:
//doi.org/http://dx.doi.org/10.1098/rsif .2017.0126|

R. E. KaLMAN, A new approach to linear filtering and prediction problems, Journal
of Basic Engineering, 82 (1960), pp. 3545, https://doi.org/10.1115/1.3662552, https:
//doi.org/10.1115/1.3662552, https://arxiv.org/abs/https://asmedigitalcollection.asme.
org/fluidsengineering/article-pdf/82/1/35/5518977/35_1.pdf.

A. A. King, E. L. TonipeEs, C. M. BReTO, S. P. ELLNER, M. J. FERRARI, S. FuNK, S. G.
Jounson, B. E. KEnNDALL, M. LAVINE, D. NGUYEN, E. B. O’DEA, D. C. REuMAN, H. WEARING,
AND S. N. WooD, pomp: Statistical Inference for Partially Observed Markov Processes, 2023, https:
//kingaa.github.io/pomp/. R package, version 5.4.

A. A. KinGg, D. NGUYEN, AND E. L. IONIDES, Statistical inference for partially observed Markov
processes via the R package pomp, Journal of Statistical Software, 69 (2016), pp. 1-43, https://doi.
org/10.18637/jss.v069.i12.

R. LAUBENBACHER, J. P. SLUKA, AND J. A. GLAZIER, Using digital twins in viral infection, Science,
371 (2021), pp. 1105-1106.

L. L Cam AND G. L. YANG, Asymptotics in statistics: some basic concepts, Springer-Verlag New
York, Inc., 2000.

NATIONAL ACADEMIES OF SCIENCES, ENGINEERING, AND MEDICINE (NASEM), Foundational Re-
search Gaps and Future Directions for Digital Twins, The National Academies Press, Washing-
ton, DC, 2024, https://doi.org/10.17226/26894, https://nap.nationalacademies.org/catalog/
26894/foundational-research-gaps-and-future-directions-for-digital-twins,

J. A. NELDER AND R. MEAD, A simplex method for function minimization, Comput. J., 7 (1965),
pp. 308-313.

G. PAPAMAKARIOS, T. PAVLAKOU, AND I. MURRAY, Masked autoregressive flow for density estimation,
Advances in neural information processing systems, 30 (2017).

25


https://arxiv.org/abs/1410.8516
https://doi.org/http://dx.doi.org/10.1098/rsif.2017.0126
https://doi.org/http://dx.doi.org/10.1098/rsif.2017.0126
https://doi.org/10.1115/1.3662552
https://doi.org/10.1115/1.3662552
https://doi.org/10.1115/1.3662552
https://arxiv.org/abs/https://asmedigitalcollection.asme.org/fluidsengineering/article-pdf/82/1/35/5518977/35_1.pdf
https://arxiv.org/abs/https://asmedigitalcollection.asme.org/fluidsengineering/article-pdf/82/1/35/5518977/35_1.pdf
https://kingaa.github.io/pomp/
https://kingaa.github.io/pomp/
https://doi.org/10.18637/jss.v069.i12
https://doi.org/10.18637/jss.v069.i12
https://doi.org/10.17226/26894
https://nap.nationalacademies.org/catalog/26894/foundational-research-gaps-and-future-directions-for-digital-twins
https://nap.nationalacademies.org/catalog/26894/foundational-research-gaps-and-future-directions-for-digital-twins

[27]

[29]

[30]

M. K. PirT, R. DOS SANTOS SILVA, P. GIORDANI, AND R. KOHN, On some properties of Markov
chain Monte Carlo simulation methods based on the particle filter, J. Econometrics, 171 (2012),
pp- 134-151, https://doi.org/https://doi.org/10.1016/j. jeconom.2012.06.004, https://www.
sciencedirect.com/science/article/pii/S0304407612001510. Bayesian Models, Methods and Ap-
plications.

C. SHERLOCK, A. H. THIERY, G. O. ROBERTS, AND J. S. ROSENTHAL, On the efficiency of pseudo-
marginal random walk Metropolis algorithms, Ann. Statist., 43 (2015), pp. 238 — 275, https://doi.
org/10.1214/14-A0S1278|, https://doi.org/10.1214/14-A0S1278.

S. A. SissoN, Y. FAN, AND M. BEAUMONT, Handbook of approximate Bayesian computation, CRC
press, 2018.

R. SUBRAMANIAN, Q. HE, AND M. PASCUAL, Quantifying asymptomatic infection and transmission
of covid-19 in new york city using observed cases, serology, and testing capacity, Proc. Natl. Acad.
Sci. USA, 118 (2021), p. 2019716118, https://doi.org/10.1073/pnas.2019716118, https://www.
pnas.org/doi/abs/10.1073/pnas.2019716118, https://arxiv.org/abs/https://www.pnas.org/
doi/pdf/10.1073/pnas.2019716118.

F. Tao AND Q. Q1, Make more digital twins, Nature, 573 (2019), pp. 490-491.
A. W. VAN DER VAART, Asymptotic statistics, Cambridge university press, 1998.

S. N. Woob, Statistical inference for noisy nonlinear ecological dynamic systems, Nature, 466 (2010),
pp. 1102-1104.

26


https://doi.org/https://doi.org/10.1016/j.jeconom.2012.06.004
https://www.sciencedirect.com/science/article/pii/S0304407612001510
https://www.sciencedirect.com/science/article/pii/S0304407612001510
https://doi.org/10.1214/14-AOS1278
https://doi.org/10.1214/14-AOS1278
https://doi.org/10.1214/14-AOS1278
https://doi.org/10.1073/pnas.2019716118
https://www.pnas.org/doi/abs/10.1073/pnas.2019716118
https://www.pnas.org/doi/abs/10.1073/pnas.2019716118
https://arxiv.org/abs/https://www.pnas.org/doi/pdf/10.1073/pnas.2019716118
https://arxiv.org/abs/https://www.pnas.org/doi/pdf/10.1073/pnas.2019716118

Supplementary text for Scalable simulation-based inference for
implicitly defined models using a metamodel for Monte Carlo
log-likelihood estimator

Joonha Park

Department of Mathematics, University of Kansas, Lawrence, KS 66045 USA
(email: j.park@ku.edu)

S1 Further details on the simulation-based proxy R(6)) and infer-
ence bias

S1.1 Simulation-based proxy and MESLE for several iid examples

In this section, we compute the MESLE and the simulation-based proxy for several examples.

Example S1. Suppose that the latent process is given by n iid copies of Gamma random variables
X1,...,Xn ~ T(y,A) with shape parameter v and rate parameter A. Partial observations Yi,...,Y, are
given by Y;|X; ~ Pois(X;). Since X; = G;/\ for G; ~ T'(~, 1), the expected simulated log-likelihood at A is
given by

pw(\;yi) = E[—X; + yilog X; + const.] = —yA™! — y;log A + const.

where the constant terms do not depend on A. The expected simulated log-likelihood for n observations y.,
is given by
(X Y1) = —nyATt — > .Yi - log A + const.

and the MESLE is given by Aygs.e = ny/ >, yi- Each Y; marginally follows the negative binomial distri-
bution with probability mass function

X (y) = F(Z(—i;;zv) <141r/\>y <1iA)W'

Thus it can be checked that MLE for A is equal to the MESLE for this model.
The data-averaged expected simulated log-likelihood for n observations is given by

U()\O, )\) == E iid

Yiim ~

- -1
Py (A Y1) = —nyA ™t — ny)g ' log A + const.,
since the marginal mean of Y is equal to v\, 1. The simulation-based proxy R(Xo) is thus equal to Ap.
The matrix K7(\g) is given by

1 ) 1 _ _
Ki(\o) = —Vary, [ai(x*; Ym)] = ﬁ/\;QVar(Z Vi) = A2+ Ao)Ag 2 = A0 (14 o).

The matrix Ks(\g) is given by

1 02

Ky(Mo) = ——E et

n

(Ai Yim) = —E[=29072 + QYA = 2900 = A2 05t = 0™,
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Note that this K5(\g) differs from the Fisher information for the marginal distribution of Y, which is given
by

Z(Ao) =v(1+ Ao) ' Ag%
For the parameter values ¥ = 1 and Ag = 1 used in Section 5.1, K1(Xg) = 2, K2(\o) = 1 and Z(\) = 3.
Note that K1 (A\o) and Ka(Ag) are different. Additionally, the fact that Ka(Xg) differs from Z(X¢) aligns with
the observation from Figure 2 that the second derivative of the estimated p fuction (blue dashed curve) was
greater in magnitude than that of the log-likelihood function (red dashed curve).

Example S2. Consider a normal model Xi,..., X, e N(6,1;) where § € R?. Partial observations are
given by Y;|X; ~ N (X;, I4). Marginally, we have Y; ~ N(6,21;). The expected simulated log-likelihood for
n observations y;., is given by

1 & 1 (& ~ ~
p(O5y1n) = =5 Y llyi = 0| + comst. = — (Z lyi — 9lI* + nllg — <9||2> + const.

i=1 =1
where 7 := %22:1 y;- The MESLE is given by 0 ygs,r = ¢, which is equal to the MLE. The data-averaged

expected simulated log-likelihood for n observations is given by

U(6y,0) =E (0; Y1) = _gna—eon2 + const.

Yi.n BN (60,214) H

Therefore the simulation-based proxy R(6p) is equal to 6.

Example S3. Consider the normal model X7, ..., X, ~* N(0,%) and Y;|X; ~ N (X;, ¥), where ¥ is known
and X is the unknown parameter. The expected simulated log-likelihood is given by

1 n
w(E Y1) = -5 {Z y Oy + nTr(\I/_lE)} - glogdet\ll + const.
i=1

Therefore the MESLE is given by ¥ypspr = 0. However, the MLE is given by Yy p = %ZZ yiy;r — U,
It can be seen that the simulation-based proxy R(Xg) is the zero matrix, thus again different from the true
value Y.

Example S4. Consider the same model Xy,...,X, % N(0,%) and Y;|X; ~ N(X;, V) as in Example S3,
but suppose that ¥ is known and ¥ is the unknown parameter. It can be checked that the MESLE is
given by V¥ ygsrg = %ZZ vy, + . However, the MLE for VU is given by Ui = %Zz;l vy, — . The
data-averaged expected simulated log-likelihood is given by

Uy, ¥) = —%Tr{\IJ_I(QZ + )} — glog det ¥ + const.,

and the simulation-based proxy is given by R(¥y) = 25X + ¥(. Thus both the MESLE and the simulation-
based proxy have a bias of 2.

S1.2 Simulation-based proxy from an information theoretic perspective

In the case where the simulated log-likelihood is given by log g(y|X; #), the simulation-based proxy R (6p) may
be interpreted from an information-theoretic perspective as follows (see Proposition S1). The KL divergence
between two distributions P and @ with densities p and ¢, respectively, will be denoted by

Dia(PIQ) = [ 108 55 4P = Do) = [ 1og SEZ;W’) dy.

In our parameterized setting we define the expected Kullback-Leibler divergence between Py, and Py as

EKL(00]0) = [ Dict(gr,19:0) AP (o) AP ),

where we write gy 9(y) = g(y|z;0). The simulation-based proxy minimizes the expected KL divergence
between ng and gx ¢ as well as that between gx/ g, and gx ¢ where X' ~ Py, is independent of X ~ Py.
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Proposition S1. If the simulated log-likelihood ¢°(0;vy) is given by log g(y|X;0) where X is a draw from
Py, the simulation-based proxy satisfies

R(6p) = arg IIGHDEXNPG DKL(pQOHQX 9) = arg mln EKL(60]|6).
oe

Proof of Proposition S1. This follows from Proposition S1, because the first terms in (S1) and (S2) do not
depend on 6. O

Lemma S1. Let the Shannon entropy of a density p be given by H(p) = — [logp(y)-p(y) dy. If the simulated
log-likelihood €°(0;vy) is given by log g(y|X,0) where X is a draw from Py, the data-averaged simulated log-
likelihood satisfies

U(60,0) = —H(p},) — Ex~p, Dxr(ph, |l9x.0) (S1)
= —Ex~p,, H(g9x.0,) — EKL(6o](6) (52)

Proof of Lemma S1.
U00.0) = [ 108 gr.0(0) APs(2) a7} ()

Y
= / [logp?fo(y)—log Py, ()

y
o0 () dPy(z)dPy, (y)

—H(py,) — Ex~p, Dxr(ph, |l9x.0)-

On the other hand,

9z’ ,60\Y
/ 10g 9.0 (Y) - G2 0, (y) dy = — / log “‘)((y))gxf,eo (y)dy + / 10g g 60 (Y) - 9ar 00 (y) dy

= —Dkr(9a 60 192.0) — H(gz' 6,)-

Integrating the above display with respect to dPp, (z") dPy(z), we obtain (S2). O

S2 Further mathematical details on Section 2

S2.1 Sufficient conditions for Assumption 3 for marginally dependent Y.,

If Y1.,, are marginally independent, then Assumption 3 is satisfied under suitable conditions on the moments
by the Lindeberg-Feller central limit theorem [5]. Here we consider some cases where Y7., are marginally
dependent but where Assumption 3 is still satisfied.

Example S5. Let X = {X;;1 <1i < n} be a k-dependent stochastic process for some k& > 1, meaning that
the o-algebra F; = o(Xj;j < i) is independent of F/ , = o(Xj;;j > i+ k) for all i. Let Y = {Vj;1 <
i < n} be a collection of local observations of X. That is, Y; depends only on {X;;j € N (i)} where
N (i) € {max(i — b,1),...,min(i + b,n)} for some fixed b > 1, such that g;(Y;|X) = g;(Yi|Xnr¢;)). Then Y;
and Yj;opyr+1 are independent, since X ;) € Fitp and X (i4204541) € }'+b+k are independent. It follows
that the sequence {8’“ (0.;Y;);1 > 1} is 2b + k-dependent. If {a“’ (0,;Y;);¢ > 1} are uniformly bounded

and satisfy Var{d " , %’;’ (0,;Y;)}/n?/3 — 00 as n — oo, the central limit theorem holds for the sequence

{%(0,;Y;);i > 1} by Chung [5, Theorem 7.3.1].

Example S6. Suppose that X = {X;;i > 1} is a strictly stationary and strongly mixing process. A process
is strongly mixing if the strong mixing coefficient

ay :=sup{|P(ANB) — P(A)P(B)|; A€ F;,B € .7:'+k 1}



converges to zero as k — oco. If the observations Y; are local in the sense described in Example S5 and X is
strongly mixing, then the sequence {%(9*; Y;);i > 1} is also strongly mixing. Suppose that the sequence
{‘9“‘ (0.;Y;);1 > 1} is strictly stationary and satisfies

1
/0 o (w)Q(u)? du < oo (S3)

where a1 (u) = inf{k; ax < u} and Q(u) = inf{t; P[Ha”1 0. Y| > t] < u}. Then according to Doukhan et
al. [6, Theorem 1], the central limit theorem holds for the sequence { L(0,;Y;);i > 1}. For the bpecml case

where this sequence is k-dependent for some k > 1, the condition (S3) reduces to E H i (9, Y;)

< 0.

We note that the mixing conditions for X mentioned in Examples S5 and S6 can also be used to justify
the asymptotic normality of simulated log-likelihoods £°(6; y1.,,) for a given set of observations y., (Assump-
tion 6). Specifically, if the individual simulated log-likelihoods £ (; ;) depend locally on the simulated draw
X in the sense described in Example S5, then the central limit theorem applies to £°(6; y1.,) provided that
07 (0;y;) satisfy the same conditions on %(0*; Y;) stated in Examples S5 or S6.

S2.2 Proofs for Section 2.2

Proof of Proposition 1. Using Taylor’s expansion with an integral remainder term, for f : R — R that is
three times continuously differentiable at a, we have

f(a) = Fa) + f'(a)(a—a) + 1 ["(a / L (54)

Consider a bounded set B containing zero. Applying this result to three times differentiable function 7 +—
i (0 + Tﬁ) where ¢t € B, we obtain

1
(04;Y;)—— L L&

\/ﬁ 2n 062

1 03 11 t
— ' (6, Y (t,t,1)(1—7)%d
Jr2n3/2/0 893( +T\/ﬁ )t t,)( T)*dr

O
06

t
1Y) = (04 Y5) +

Mi(e* + % (9*§Yi)t

where %(9*; Y;) : R3¢ — R is a trilinear form given by

i
9011100 (1) 90 (k)

O i

TE (0u; Yi)th, SkoThsy Vi, 5,7 € RY

(045 Y5)(t,s,7) =
k1,ks,ks€l:d

By Assumption 3,
8;%
Sn Pl Z (6.;Y5)
converges in distribution to A(0, K1(6y)), and by Assumption 4,

2 ul
892

(0.:Y:)

converges in probability to —K2(6g). The absolute value of the integral remainder term is bounded by

Lo, t
L0, +T—Y;) (¢, t, 1) (1 — 7)%dr
[ S O =) - 7)
& i t 314113 /1 2
< sup 0. +7—;Y3)|| d°||t]| 5 1—7)“dr.
r€[0,1] k17k2,k361d 60(k1)89(k2)89(k3)( \/ﬁ ) || ” 0 ( )
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For sufficiently large n, {6, + Tﬁ; t € B,7 €[0,1]} is contained in By defined in Assumption 5. Therefore,

we have
n

t 1
E (0 + —=:Y;) — pi(045Y3) | = Sit — ~tTKa(0o)t + R (t) + 0p(1)
; vn 2
i=1

where o,(1) signifies a term that is independent of ¢t and converges in probability to zero and where the

remainder term R, (t) satisfies
1

E sup |R,(t)| < Cd*||t|)3,.
sup [, (1)] < g O
Thus by Markov’s inequality, R, (¢) converges in probability to zero uniformly for ¢ € B. O

S3 Further details on Section 2.5 Bias in simulation-based infer-
ence

The simulation-based inference procedure outlined in Section 2 and developed in detail in Sections 3—4 may
have a bias in general due to the use of a metamodel for the log-likelihood estimator. In this section, we
examine the bias and develop bounds on the inference bias under certain conditions.

S3.1 Power series expression for Jensen bias using the cumulants of simulated
log-likelihood

We refer to the difference B(0) = ¢(0) — p(0) as the Jensen bias, which is always nonnegative when the
simulated log-likelihood is given by the log of an unbiased likelihood estimator. For hidden Markov models,
an unbiased simulation likelihood can be obtained by running the bootstrap particle filter, as described by
Algorithm 2. Berard et al. [4] showed that under certain conditions, the logarithm of this estimator, which
we denote by £°(6), approximately follows

1
50) =~ N (E(G) - 202(9),02(9)>

(see (11)). In this case, the Jensen bias can be approximated by half the variance in the simulated log-
likelihood.

More generally, we will consider the situation where the simulation likelihood e (?) is unbiased for the
likelihood L(6). This happens in all examples we consider in this paper, whether £5(#) is given by the log-
measurement density g1.,(y1.,|X) or by the log-likelihood estimate produced by the bootstrap particle filter.
Provided that the simulation likelihood is unbiased for the likelihood, the log-likelihood can be expressed as

5(

0(6) =logEe?”®. (S5)

The cumulant generating function, or the second characteristic function, ¥ (z) of a random variable X is
defined as the principal branch of the logarithm of its characteristic function [8, 10],

Y(2) := log E e,

The cumulant generating function is uniquely continuously defined on real intervals containing zero on which
¢x(s) is nonzero. If we denote by ¥ (z) the cumulant generating function for the simulated log-likelihood
£9(0), we may express £(6) as

0(0) =logE e’ @ = (i), (S6)

provided that 1(z) can be extended to a complex domain |z| < R for some R > 1. Conditions under which
an analytic extension of ¥(z) is possible is discussed below. Under those conditions, 1(z) can be expressed
as an absolutely convergent power series,

v = 20 <r (s7)
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The number &, (6) is the n-th order cumulant of £%(0). The first two cumulants corresponding to n = 1,2
are equal to the mean and the variance of the random variable. The log-likelihood £(6) can thus be expressed
as

0)

(S8)

0o) = Z ri

Jj=1 7t

The expected simulated log-likelihood () can be considered as a first order approximation to (S8), since
1(0) = k1(0). The Jensen bias is given by

B(6) = 1(0) - u(o) = 3" 1) (59)

|
i>2 I

In the special case where £°(f) exactly follows the normal distribution with mean x(6) and variance o2(6),
2 2
the analytic characteristic function is given by exp(iu(6)z — #), which is nowhere equal to zero. Thus

the cumulant generating function is defined and analytic on the entire complex plane, and the log-likelihood
is given by
. Ko (0

(0) = w(-i:6) = sa0) + "2 — o) 4
The Jensen bias is equal to B() = 02(6)/2. We note, however, that even when the centered and scaled
5 (03y1:n) = p(0:91:n)

o (0y1:n)

the higher order terms (5 > 3) in (S9) do not approach zero in general. For instance, if the simulated
log-likelihoods for the observation pieces {£%(0;y;);i € 1:n} are independent of each other, we have

(S10)

simulated log-likelihood ¢

converges to the normal distribution as n — oo (Assumption 6),

n n
n . . Y ks 9’ i
0(0; y1n) = log EeXi= ©©0) = S g Eef” Cv) = $ w
=1 i>1

and thus all cumulants £;(8;y1.n), j > 1, scale linearly with n.

We will now discuss the conditions for analytic extensions of the characteristic function and the cumulant
generating function. A characteristic function ¢(s) is called an analytic characteristic function if there is an
analytic function on a complex circle |z| < p (where p > 0) that agrees with ¢(s) on some real neighborhood
of zero, say (—¢, €) [10]. The extended function defined on a complex domain will also be called the analytic
characteristic function and denoted by ¢(z). The extended analytic characteristic function has a Maclaurin
series expansion about zero.

Theorem S1. Suppose that a random variable with cumulative distribution function (cdf) F has an analytic
characteristic function ¢(z). The Maclaurin series of the analytic characteristic function

d(z) = Z inno'é" 2" (S11)
n=0 '

is absolutely convergent on a complex disk |z| < R for some positive R if and only if the relation
1—F(x)+ F(—z)=o0(e™"™) as z— o0

holds for all positive r < R. Then the n-th moment of the random variable is given by o, = i~ "¢ (0),
where ¢™ denotes the n-th derivative of ¢.

Proof. This follows from Theorem 7.1.1, Corollary to Theorem 7.1.1, and Theorem 7.2.1 of Lukacs [10] and
Chapter 5, Theorem 3 of Ahlfors [3]. O

Theorem S1 implies that the Maclaurin series (S11) for ¢(z) converges at z = —i if both 1 — F(x) and
F(—x) decays faster than e~ " as z — oo for all » < R for some R > 1. The first condition that 1 — F'(z)
decays faster than e~ is almost satisfied if the likelihood L(#) is finite. If we denote the cumulative
distribution function of £%(6) by F, we have

00> L) =Eet"® = / e® dF(z) > e“(1 — F(c)) for all c.

— 00
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Therefore, 1 — F(x) = o(—rx) for all » < 1. However, this result is weaker than the required condition that
1—F(z) =o(e™") for all r < R for some R > 1.

The condition regarding the other tail, F'(—z) = o(e™"") for r < R, can be readily satisfied if we truncate
the simulated log-likelihood ¢7(6) from below, say at —C' for some large C. If £5(0) > —C, with probability
at least p for some Cy, then we have

Eet’1[65 > —C) + e CP[(S < —C]
Eef*1[¢5 > —C)
i
~ Eef1[¢S > —C] ~ pe=Co ’

logEemax(es’*C) — £ <log

and this truncation error can be bounded by an arbitrarily small number by taking C' sufficiently large.

If the analytic extension of the characteristic function ¢(z) is nonzero anywhere in a disk |z| < R, then
the cumulant generating function can be extended analytically to the same complex disk. For an analytic,
nonzero function on |z| < R, an analytic, single-branched logarithm can be defined in that disk (see e.g.,
Chapter 4, Corollary to Theorem 16 in Ahlfors [3].) Here, that the logarithm is single-branched means that
its value at any given point z is defined as a single number, not up to integer multiples of 27i. We define an
extended cumulative generating function ¢(z) on the complex disk |z| < R as the single-branched logarithm
of ¢(z) which is equal to zero at z = 0. Since this ¥(z) is analytic on |z| < R, an absolutely convergent
power series expansion of ¥(z) about z = 0 is available, giving (S7).

We note that the preceding analysis suggests consideration of a higher order MESLE and a higher order
simulation-based proxy defined as follows.

Definition S1. Let x;(0;y1.n,) be the j-th order cumulant of the simulated log-likelihood 03(0;y1.,) for
j > 1. The k-th order maximum expected simulated log-likelihood (MESLE) for k£ > 1 is defined as

15 (0; y1:n)
A L F\Yy Ylin
Oy (Y1:m) = aurgrneaxjg1 i .

The k-th order simulation-based proxy (k > 1) is defined as

k

Rix) (o) = argmgixEYMNng Z
j=1

Kj(e; Yl:n)

However, the practical utility of an higher-order MESLE is likely limited, because its estimator will
involve high Monte Carlo variation.

S3.2 Bound on the Jensen bias ¢(0;y) — u(0;y)

The Jensen bias B(#) can be upper bounded in the case where the simulated log-likelihood ¢%(6) has a
sub-Gaussian tail.

Proposition S2. Suppose that for some C,C' > 0,
c’ t2

PES(0) — ) 2 ] € =750

for allt > 0. Then the Jensen bias satisfies
02
B(0) < 5+ log(1+C").

Proof of Proposition S2. We use the following result: for any random variable X with cumulative distribution
function F',

EeX < 1+/(>o e'(1— F(t))dt. (S12)
0
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This is because
EeX =Ee¥1[X < 0] +EeX1[X > 0]

<P[X <0]+P[X >0+ /Oo(ew —1)F(dzx)
0
= 1+/ / e'1[t < 2] dtF(dt)
0 0

1+/ooet/ool[a;>t]F(dx)dt

0 0
1+/oo e'(1— F(t))dt.

0

Using (S12) for X = £5(6), we have

oo O/ .2
Ee® <1 +/ et e~ 367 dt
- 0 vV 2

1 242 2
e 30z (=) T ¢

Therefore, it follows that

2 2 2 2
) <log(14+C'eT) <log(e™ +C'e7) = % +log(1+ C").

5(

{(0) = logE €

O

We also have the following result. If the simulated log-likelihood for the i-th observation, ¢7(6;y;),
is almost surely at most s;(f) higher than E/;(6), then the Jensen bias is upper bounded by >, s;(6).
This condition is satisfied, when the individual simulated log-likelihoods ¢ (;y;) are both upper and lower
bounded, which may happen when the observation space is compact.

Proposition S3. Suppose that £5 (0;y;) — 1:(0;y:) is almost surely upper bounded by s;(0) for eachi € 1:n.
Then we have

B(#) < Zsi(9)~
i=1
Proof of Proposition S3.

0(0) — u(0) = log E eZil*Ow)—mi(0)} < B eZisi = Zsi'

3

S3.3 Bound on the inference bias R(6y) — 6

In the current section, we will construct a bound on the difference between 6y and R(6y) using the upper
bound on the Jensen bias developed in Section S3.1.
If the observations Y7., are obtained under ), then the data-averaged log-likelihood Ey, Py 0(0; Y1.n)
: 0

equals the negative cross entropy, denoted by —H (g, 0):

EYlmeggg(e;Yl:n) = /{logp;in(yln)}p;/o (yl:n) dyl:n = _H(QO;G)-

We write H(0p,00) = H(6y). The cross entropy H(fp,0) is maximized at § = 0y, because it is equal to
H(6y) + Dkr(09]|0), where the Kullback-Leibler divergence Dgp,(6||0) is minimized at 8 = 6y [11].
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On the other hand, by Definition 2, the data-averaged expected simulated log-likelihood U(6y,8) is
maximized when 6 equals the simulation-based proxy R(6p) = 0.. If we denote by B(6;y1.n) = €(0;y1.n) —
1(0; y1.,) the Jensen bias at 6 given the observations y;.,, we have

EYIZ,INPQ};#(H;YLTL) S EYLHNP(%K(Q; }/171) S EYI:TLNPQ’(’)H(H; }/171) + B(@, Yl:n)7

or

U(QO,H) < —H(eo, 9) < U(HO,H) + IEYMNP%B(H; Yl:n)- (813)

We consider a second order Taylor approximation to —H (g, ) around 6 = 6y and an approximation to
U(6p,0) around 6 = 0,:

q-n(0) = —H (6o, 0o) — %(9 —60)" [88;2 (90,9)} Y (0 — 0o),
: =00 (S14)
0 0) = Ul00.0.) + 50 - 0.7 [ 5200000 (0-0.)

The first order derivatives of —H (60, 0) and U(6p,0) evaluated at 0y and 0., respectively, are equal to zero
because those points are the maximizers of the two functions. Note that the second derivative of H at 6,
equals the Fisher information Z(6y),

0? 0?
(QOa 0):| = / |: Inge n(yl n):| pg (ylzn) dylzn = I(QO)
[892 =0, 062 0=0, "
If both quadratic approximations g_ g (#) and gy (6) are accurate in some neighborhood of 6., a bound on
the bias |6y — 6| can be developed as follows.

Proposition S4. Suppose that the quadratic approximations q_g(0) and qu(0) defined by (S14) are e-
accurate, that is,

| = H(60,0) — q-r(0)| < e, |U(bo,0) —qu(f)] <e
for every 0 such that ||0 — 0.|| < § for some €,§ > 0. Suppose further that both the Fisher information Z(6y)
and J(00,0,) := — [392U(90, G)L are positive definite. Let

B:= sup EYMNPSY B(0;Y1.,)
6:]16—0.]|<5 0

and assume that B is finite. If the smallest eigenvalue X of J (0o, 0.) satisfies \0?> > 2(B + 2¢), then the true
parameter 0y is located in the set

0o € {0, +tu; ueRY, ul| =1, |t| <2(u" T (0o, 0,)u) 1671 (B + 2€)}. (S15)
Moreover, the Fisher information has bounds
T (00,0.) — 2672(B + 2€)I4 < Z(6p) < T (6o, 0.) + 26~ %(B + 2¢)1,
where A X B indicates that B — A is nonnegative definite and Iy denotes the d x d identity matriz.
We note that Equation (S15) implies a weaker bound
00 — 0.]] <267 'A"1(B + 2¢),

since A[|fy — 0.[|> < (60 — 04) T J (00, 0.) (00 — 6.). When n is large, —2 7 (6o, 6.) is approximately equal to
the metamodel parameter ¢, because

82

1 1 0?
_5\7(90’9*) = 5 wE’ Yl:angYOM(e;}/l:n) (97 (9*7y1n> = C(yl:n)-

l\')\»—l

0:0*
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Thus, J (6o, 0.) can be approximately estimated by quadratic regression for
{0 05 (O y1:n);m € 1: M}

An analogous result can be obtained for the difference between the MESLE and the MLE by using the
same proof technique. For given observation sequence y;.,, consider second order Taylor approximations to
£(0;y1.n) and w(0;y1.,) as follows:

102 ,
q(0) == L(OmLE) + iw(eMLE)(e —OmLE)”,

102
qu(0) == p(OmesLe) + iaiegwMESLE)(a — OmEsLE)?.

Proposition S5. Suppose that for a given observation sequence yi.n, the quadratic approzimations qe(0)
and q,(0) are e-accurate,

16(0) — qe(0)| <€, [1(0) —qu(0)] <,
for every 0 such that |0 — Oppspe| < 0 for some €,6 > 0. Suppose further that both —g—Z(eMLE) and

—%(HMESLE) are positive definite. Let

B/ = sup B(eayln)

O;10—0mEsLe||<

and assume that B’ is finite. If the smallest eigenvalue N offg%(F)MESLE) satisfies N'62 > 2(B' + 2¢), then
we have

0? -
—(Omre — GMESLE)TTG’Z(QMESLE)(QMLE — upsie) < 452N TH (B + 2¢)2.
In particular, this implies that
10rE — OmEsLel < 25_1)\/71(3’ + 2¢).

Moreover, we have

52 _ 02¢ 0 5
g Oumsi) = 2072(B' + 201 = 5 (Ornwr) = 5y (Oumsus) + 267 (B + 20

We present below the proof for Proposition S4. The proof of Proposition S5 can be obtained similarly.
Proof of Proposition S4. From Equation (S13), we have
U(6,0) < —H(00,0) < U(6o,0) + B
for 0 satisfying ||0 — 0. < . Thus we have

q-u(0) > —H(00,0) —e > U(0o,0) — € > qu(0) — 2, (S16)

q-g(0) < —H(0,0) +e<U(b,0) + B+e<qu(0) + B+ 2e.
Let
y— o0
160 — 0|

be a unit vector in the direction from 6, to 6. Define 7y : [—§,6] = R and r_p : [-§,6] — R by

ro(z) = qu (0 + 2v) — qu(0.) = —va?

and
rop (@) = q-n(0s +av) — qu(0:) = —a(z — §)* +7.
Here,
2v = —ﬁrU(x) = —vTa—QqU(ﬁ)v =v" J(0,0)v >\
da? 062 =
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2
—%T_H(l') = —vTa— (0)v = v Z(6p)v.

200 = 902 d-H

Also, 8 = ||6p — 0.]|, because r_g(z) is maximized at x = 8 and g_g(f) is maximized at § = 6y by
construction. From (S16), we have envelopes for r_ g (x):

ry(x) —2e <r_g(z) <ry(x) + B+ 2¢ (S17)
for |x| < 4. Additionally, we have
0 < —H(o,0.) — U(6o,0.) <~y = —H(0) — U(bo,0.) < —H(8) — U(bo, 60) < B.
We consider two separate cases. In the case o < v, Equation (S17) implies that
r_g(0) = —a(z — )+ < ry(0) + B+ 2e = —v6% + B + 2.

Thus we have
(6 —B)2 > a t(vs* — B — 2+ 1), (S18)

or

ﬁ§§—\/a_1(1/§2—3—26+’y)

Sé—\/52—V*1(B+26—7):5—(5\/1—(5*21/*1(3—1—26—7).

Since v§% > %(52 > B +2¢ > B+ 2¢ — v, the expression inside the square root symbol is nonnegative. Using
the fact that /1 —¢>1—1 for 0 <t <1, we obtain

B<6—0{1 -6 Y B+2e—7)} < 'v B+ 2).
Now consider the case a > v. Equation (517) implies that
r_g(=06) = —a(=0 — B)? + v > ry(—6) — 2¢ = —nu(—5)* — 2.

Thus we have
(0+5)* <a™ (v + 7 + 2¢), (S19)

or

B<Vat(wd2 +~+2€) =6 < /2 + vy +2€) — 6 =0/1+ 0201 (y + 2€) — 6.
Using the fact that 1+t <1+ % for t > 0, we obtain
B<é{1+ %(5—%_1(7 +26)} -6 < 5_1V_1(B + 2e¢).
In either case, we have
B =60 — 6] <O WwHB 4 2¢) = 2(v" T (0o, 0.)v) L6 (B + 2e).
In other words, 6 is located in the set
0o € {0, +tu; u e R, |lul| =1, [t] < 2(u" T (0o, 0:)u) 1671 (B + 2¢)}.
We now prove the bounds on the Fisher information Z(y). Using (S18) again, we have
a>(—B) 2w =B —2e+v)>v—02(B+2—7)>v—35 2B+ 2e).

This implies that

1

2’UTI(90)'U > %vTj(Qo, 0.)v — 6 %(B + 2¢).
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From (S19), we have
a< (64 8)2Wws +v+26) v+ (y+26) <v+0 3B+ 2e),
which implies that
S0 T(00)0 < 30T T (B, 6.0 + 57 (B + 2)
We can obtain the same results when we replace v by an arbitrary unit vector u. Hence, we have

T (00,0,) — 20" 2(B + 2€)Iq < Z(6p) =< T (00,0.) — 26 %(B + 2¢)1,.

S4 Mathematical details and proofs for Section 3

S4.1 Details and proofs for Section 3.1

The MLLR 4, .2 statistic for the test Hy : A = Ay, 0% =02, Hy : not Hy has the following distribution under
the null hypothesis.

Proposition S6. Under the normal, locally quadratic metamodel (Definition 3) and under the null hypothesis
A= Ay and 02 = 03, the metamodel log-likelihood ratio (14) has the following distribution:

2
MLLR 5, 2 ~ SCL (M, d+3d+2> .

2

Definition S2 (SCL distributions). Let X7 ~ X% and Xy ~ X?\/f_ . be independent random variables following
the chi-squared distributions with k and M — k degrees of freedom. Then the distribution of the random
variable

1 X
-3 {X1+X2MlogMM} (S20)

will called the SCL(M, k) distribution.!
The —2 - SCL(M, k) distribution converges to the chi-square distribution as M tends to infinity.

Proposition S7. As M tends to infinity, we have
J— . 2
2. SCL(M, k) Jv:>1 Xiot1-

Propositions S6 and S7 show that our metamodel likelihood ratio test is asymptotically equivalent to
Wilks’ large-sample likelihood ratio test as the number of simulations M grows.

Lemma S2. The sum of squared errors can be divided into the residual sum of squares and the squared error
in fit as follows:
S : S 2 4 2 4 :

Furthermore, under the null hypothesis A = Ay and 0% = o2 for the normal, locally quadratic metamodel,
we have )
6% ~ 70’(2))(2 _ d243d+42 and He?JQ\/[A - 6(1)%/[‘40”%/V ~ 03X2dQ+3d+2’
M M 5 2

2

and these two random variables are independent, provided that %2, has rank %.

IThis distribution is named SCL because it is the distribution of the Sum of a Chi-squared random variate and the Log of
another chi-squared random variate.
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Proof of Lemma S2. The decomposition of the sum of squared errors given by (S21) is a common result in
regression analysis, see e.g., Agresti [2, Section 2.2.5]. Define a random vector Z = (Z1, ..., Z)s) such that

050 =092, A0 + ooW /22,

For our normal, locally quadratic metamodel (Definition 3) under Hy : A = Ag, 02 = o3, the M components
of Z are standard normal random variates and are independent of each other. We have

A= 033, WO 03, Wy
= (603 WO TR WBRR A + oo ) (522)
= Ao +oo(093, W) 71003, Wz,
Thus
s — 0734 A
= 003 Ao + oW 122 — 603 Ao — 003, (673, WORR) M0, Wz
oW W (01, W), W
Let H, = W1/2692 (092, TW6%2)=19%2 T1W1/2, This matrix is an orthogonal projection matrix, that is,
H) = H, and H2 = H,,. It can be readily checked that I — H,, is also an orthogonal projection matrix.

L2 . 2 S .
The rank of H,, is % because we assume that 092, has rank dLQdH. The distribution of 62 can be
expressed as

A 1 S : N 1 T 1
6% = M||£1:M - 9?:12\4A||%/V = MU%Z (I - Hw)z ~ MUgX?V[_ d2+gd+27
because I — H,, can be orthogonally diagonalizable with M — % eigenvalues equal to 1 and %

eigenvalues equal to 0. One can also check that
. ~ . d
1623, A — 013, Aol = 002 HuZ ~ 05X 2 spus2 -
2
Two random variables H,Z and (I — H,)Z are uncorrelated, because H,, (I — H,) = 0. Thus 6% =
2 ~

RZT(I - Hy,)(I - Hy,)Z and |93, A — 092, Ay||}, = 08Z" H,,H,,Z are independent. O
Proof of Proposition S6. Let

A AN - AR Mo

Xy

7 ’ 7 o
By Lemma S2, we see that X; ~ x%,,,,.,, Xo ~ x?\/[ w2134, are independent and that X; + X3 =
== -2

165, — 092, A]|%,. The metamodel log likelihood ratio statistic can be expressed as

M. 6% |0R - R AR | M
MLLR 3,.03 = 5 log 3 = =5 B
. X1+ Xo M X5 M
=T tyleyty
d? +3d+2
~ SCL(M, %).

O

Proof of Proposition S7. Since X3 ~ x3,_,. has the same distribution as that of the sum of M —k independent
squares of standard normal random variates, it can be readily seen by the central limit theorem that

VM ij - 1) = N(0.2).
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Using the Taylor expansion log(1l +¢€) =€ — % + O(€3), we see that

Xo X, 1 (X, 2 1

Therefore,

M—o0

Thus if X; ~ x? is independent of Xo,

X
—92.SCL(M, k) £ X, + X, ~Mlog T2 = M = Xj.

S4.2 Details and proofs for Section 3.2
Proof of Proposition 2. For an arbitrary vector v = (v{,vg )" € R+ with v; € R™ and v, € R™ and

Bu Bi2) i B € R™*™ and Byy € R"2X"2 the following

a symmetric positive definite matrix B = [ 7
By, Bz

holds: .
. . v B 1 B 2 v _
minv' Bv = min ( 1> <Bi|—2 B;) <v1> =v, (322 - BngBnlBlz) Va.

Vi Vi V2 2
From the fact that

1 6 62
0= (g et ) o 003, WO = (0w @ 0
c,a c,bc 2 93 64
it follows that
min 10934 — 0933, Ao% = min(A — A)TU(A — Ay)
ap ao
B b— b , b— by (823)
~ \wvech(é) — vech(cp) vech(¢) — vech(co)
where
V= ch,bc - ubc,au(;alua,bc-
We can find

min b= by % b= bo
— Lo lbo=6y, \Vech(é) —vech(co) vech(¢é) — vech(cp)
using the method of Lagrange multiplier. Let

. T
_ b — b b—bo T
L= (Vech(é) - Vech(co)> v (Vech(é) - vech(co)) A (2085 mavvech(co) + bo)

for A € R4, We find

la ; .
b = 2V (bo — b) — 2Vje(vech(é) — vech(cp)) + A,

oL\ . A .
(aveCh(CO)) = —2Vep (b — bo) — 2Vee(vech(e) — vech(co)) + 207, mas-
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Equating both expression to zero gives
Vey(bo — b) + Vee(vech(co) — vech(€)) = 0, mat{2Vib(bo — ) + 2Vie(vech(co) — vech(¢))}

Vo i=Vee — QGEO,mat‘/bC7

. T
Vl — Veb _20H07mat‘/bb7

Thus by writing
Vi(bo — b) + Va(vech(cy) — vech(é)) = 0

we have

By using the constraint 20, matvech(co) + by = 0, we obtain
vech(co) = (Vo — 2Vi05, mat) " (Vib + Vavech(é)),

bo = =201, mat (Ve — 2V101, mat) ™ (Vi + Vavech(é)).

We will write
Vo=V — 2‘/19H0,mat =Vee — 20[——507mat‘/bc - 2Vcb0H0,mat + 401——;07111at‘/l)b0H0,mat

) <_29H0,mat>

= —207 1,2 Voo Vie
( Hy,mat ‘127+d) <Vcb chc I@
We then have
bo o —29H0)matV:l‘/1 _29H0,matv:l‘/2 b
vech(cg) ) Vv, V-, vech(é)
-1(—20T T b
v ( Ho,mat %) v (Vech(é)> ’

)

d2+4d
2

(29H0 ,mat

By plugging in this solution to the constrained optimization problem, we find

)

)

N T “
. b— bg b— bO
,%C(TI?;?:@HO (Vech(é) - VeCh(Co)> v <Vech(é) - vech(co)>
-
*29H0,mat —1(_ T lA)
- {Id2§3d ( I# & ( 20H°’mat Ifﬂ%) v (vech(é) v
_29H0 mat 1 T l;
_ ' -1(_92 I
{%“ ( ™ )V (P 252V (o)
—2011, m:
=V-v | TV (<200 L) V.
T :
Using Lemma S3, we can express this constrained minimum as
I I -
d —1
<201'|;0-’mat> {(I 29Ho,mat) V <2€Eo,mat>} (Id 29Ho,mat) ) (S24)
The MLLRy,,  statistic is given by

M ~2 M&2 §9:2 4_9052 A2 M

MLLR@HO = sup sup —loga—z — 02 — 1973 21‘M ol + =
0350 ~ Loy bo=0r, 2 o5 205 207 2

< o 62 Mé? & M
= u - — — - — —5 -
Ug>po & o2 20 202 2
M &2 M £
=—1 =——1 1
2 B M- 2 Og<Ma—2+ >



In the proof of Lemma S2, we showed that
A= Ao+ 00033, WO T 00, Wz
where Z ~ N (0, I5s). Thus we have

b+ 205, = (04, I, 2057, mat) A
_ o9 T
=00 (04, Ly, 20515 mat)U 1003, W/,

since we assume (04, I4, 201, mat)Ao = bo + 2¢o0p, = 0. Hence,
l;+ 26HHO ~ N{Oa 0’8 : (0d7 Id7 29H0,mat)U_1<0da Id) 29H07mat)T}

Using the block matrix inversion formula [9], we see that when the first row and the first column of U~1 are
removed, we obtain V~!:

Thus .
b+ 205, ~ N{0, 08 - (Ig, 201, mat)V " (Ia, 205, mat) | }

Therefore, we have

T -1

~ . I _ I ~

§: (b—|—2c9H0)T Td 1% ! Td (b+2609H0) NO’%X%.
20H0,mat 20H0,mat

Furthermore, we showed in Lemma S2 that M&? ~ o> and that A and 62 are independent. It

M_d2+gd+2
follows that )
d2+3d+2
(M - +2 + )5 ~F
Mds? B

O

Vii Via
Vo1 Vao
invertible, then for any matriz B € R4 > we have

() (v v () "

—v_v (;f) {(—BT I,)V (‘B) }1 (=BT I,)V. (S25)

da

Lemma S3. Let V = < > be a block matriz with Vi1 € RUX4U gnd Vay € R®2X%2 IfV and Vi1 are

Proof. Writing Vo1 = Vag — Vgﬂ/'ﬁlVlg, we have, according to Lu and Shiou [9, Theorem 2.1], that

pot (Vi VI VeV VeVt =V ViV
Vo VWi Vo '

Thus we can write
(1 _ Vii'Vi2\ - - I
(Idl B) v (Bd‘lr) = V111 + (Idl B) ( 1—1[(1212) V2\11 (V21V111 _Id2) (Bli+>
Using the Sherman-Morrison-Woodbury formula [13]

(A+ BCD)' =A"' - A'B(C™' + DA™'B)"'DA™!,
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we have
_ volv, _ _ I -t
e m (M) v et 1) ()}
da
= Vi = Viu(Vii"Viz = B){Vap + (Va Vi7" = BNV (Vi 'Vaa — B)} 1 (Ve Vit = BTV
—1

—B

=Vi1 — (Vi2 — Vi1 B) {(—BT I,) V ( ; )} (Va1 — B"V1y),
2

showing that the top-left matrix blocks for the left and the right hand sides of (S25) agree. To show that the
bottom-left matrix blocks agree, we need to show that the bottom-left matrix block of the right hand side of
(S25) is obtained by multiplying BT on the left of the top-left block. This can be checked by observing that

@) e e (D s

The fact that the top-right and the bottom-right blocks agree on either side of (S25) can be shown by the
fact that )
-B -B\\ -B
V-V —BT I,)V -B" I;,)V = 0.
(e v ()} o v ()

Proof of Corollary 1. Proposition 2 shows that for d =1, Hy : Oyesre = 0, is not rejected at level « if

(=BT 1Ia,) =0.

O

e M3 (b+26051,)%(Vip Ve — V2)
T M62 Vi — WV, + AV,

< Fi,m-3,0-

Rearranging the terms, we see that a level 1 — o confidence interval for 0ygspg is given by

{6; [A(M — 3)é¢* det V — AM & Fy pr—3,0Vip | 0°
+ [4(M — 3)bédet V + AM&> Fi ar—3,0Voe) 0
+ (M = 3)b*det V — M62Fy p—3,0Vee < 0},
where det V = Vi, V.. — Vb% O

S5 Mathematical details and proofs for Section 4

We have from Section 4 that

—2cb,

3 2 1:2
Cliplo N (091:M <vech(c)

) s (J'QCYVV_IC’—r + C@lenKﬂIMCT)

where C = (—1p7_1,Ip7—1). In fact, since we are concerned about relative values of £9(6,,), m € 1: M, we
can use any (M — 1) x M matrix C' whose rows are independent of each other and orthogonal to (1,...,1).
It can be checked using the Sherman-Morrison-Woodbury formula (A + BCD)™! = A= — A=1B(C~! +
DA7'B)"1DA™! that
criewtehH e =w — (1, Wiy) ' Wiyl W =W
[13]. We let
Q= (CWCT +672CH.ynK10],,CT)7L.

Then again by the Sherman-Morrison-Woodbury formula, we have

Q=(Cw-tchH)™

—(ew=teH) ey {o* n KT 4 0], CT(CWTICT) IO} 0 O T (CW O T T
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If we let P =CTQC, we have
P=W —Wl.pm(o*n 'K + 0], Wo1.00) 10 W.
We denote by @ the matrix obtained by substituting 42 for o2 and K, for K, in the expression for Q:
Q=(cwch™
—(CwrteT) 00 {62 KT + 61, CT(CWTICT) T O 0 CT (O e T)

Then we have P = CTQC.
The log density function of (23) evaluated at C€1 > or the marginal metamodel log-likelihood, is given
by

M-1

N 1
108 Prneta(CLL 11104, ¢, 02) = — log 2m — 3 log det(a2Q 1)

1
202

gs 9 ( —269* ) 2
M PLM A vech(c) cToc

Using the matrix determinant lemma det(A + BCD) = det(C~! + DA™ B) det(A) det(C), we see that

det Q' = det {CW'CT + 07 2(CO1.0)n K1 (CO11) " }
=det {o*n 'K + (CO1a) T (CWICT) 1 (COy.01) } det(o2nky) det(CWICT)
=det {Is+ 0 *nK10],,, W0 } det(CW1CT).

Therefore, we have

1
10g Puneta(Cl5 1f10x, ¢, 0%) = const. — 352

2
=013 (0
: M vech(c)

cTQC
M_

1 1 _
logo? — 3 log det(Iy 4+ 0~ 2nK 0., W61.1). (S26)
We substitute 62 for 02 and K, for K; in the third term on the right hand side of the above equation and

substitute P for P = CTQC. The estimating equation for 0, and é, namely Equation (24), is then obtained
by a usual weighted least square estimate for

/S _p12 —2ch,, 2
LM LM vech(c)

min )
e P
Consider a test on 6., ¢, and o2,
L0 — _ 2 _ 2 .
Hy:0,=0,0, c=cy, 0" =0y, Hi :not Hy

for some null values 6., o, co, and 3. An approximate test for these hypotheses can be conducted by using
the marginal metamodel log-likelihood (S26). The marginal metamodel log-likelihood ratio statistic for this
test is given by

2 ~2
S —2009*,0 M—-1 02nd M—-1
0o — 013 <vech(c0) log +

MLLR, )
p 2 a3 2

(S27)

,05C0,08 _203

where 63, is the second stage estimate given by (25). The distribution of the MLLR,,_ 0.co,02 Statistic under
Hy:0.=0,0,c=co,0? =0} is given by Proposition S8 at the end of this section.

A test on the simulation-based proxy Hy : 6. = 0.9, H;i : 0. # 0, can be carried out by using the
marginal metamodel log-likelihood ratio statistic obtained by taking the supremum of MLLRy, , ¢y 02 OVer
co and 03:

MLLRy, , = sup MLLRy, , ., o2- (S28)

2
C0,0(
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Proof of Proposition 3. We consider the model

s 12 [ —2ch. 2A—1
C(gl:M NN (Cgl:M (VeCh(C)) y O Q ) )

where we use the plug-in estimate Q for the variance. Define a random vector Z such that

. —2ch,, AL

so that Z ~ N(0,Ip_1), approximately. We then have
(IM—l . Q1/2CG%2 1 2 TCTQ09 %%/[CTQI/Q) QAI/QCKS.
= (I - QU2COI3{013, CTQCOLR 013, CTQV2) 07 (S30)

From (24) and (S30), we have

N 2

1 A A . —2¢0

A2 1/295 _  Al/2p1:2 x
= 577 Q20 - @00 (2005 )

- 1_1H(IM—1—©”209 03, CT Qe TR, CT Q) ek, |
2

:M_
2

Z7 (Iu1 - QUPCON3 {013, CTQCOLE 01, CT Q) 7

~

e
d<+43d+2
M — 1N 2apas2

~ 2
since Q1/2C’9%ﬁ/[ € RM—Dx 4 o rank matrix.
Now suppose that the null hypothesis Hy : 6, = 0, ¢ is true. Then by the usual results for weighted least
squares regression, we have

d?+3d
2

2
A1/2408 ALz [ —2¢040
Q C’él:M Q C’01:M (VeCh(C))

inf
C

2
0* 0,mat

AL/2pS  _ Al:2pgli2 [ 770,
Q Oel:M Q Ool:M <_§Id?2+d> nVeCh(KQ)

= inf
Ko

= it |65 — T(0n o) mvech(K5) [
- H (IM—l - T(G*,O){T(G*,O)TPT(Q*,O)}71T(9*70)TP) Ef:MHi’
- H{[M_1 - 5(9*,0)15}451\4“;

Since the maximum of —% — blogx over 2 > 0 is obtained at x = a/b for a,b > 0, we have

1 ) > M-1. 62, M-1
MLLRy = ——H Tu_1 — S(6,0)PVeS Jog Z2nd
Ry, , Silgp 202 -1 — S04 0)PHT. 0 st 5 log p + =
M-1 M-1 M —1)62 M-—1
— 4 IOg ( )J2nd +

2 2 2

[T = 560002V 5 |

ot [t —sewpyy,
o2 o (M —1)63,4
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Let
H = Q'20013,(613, CTQool3) 013, 0T QY2 (831)

be a orthogonal projection matrix of rank @ and
A . -1 A
G = QV2CT(0..0) {T(000) PT(0.0)}  T(00) CTQ?
be another orthogonal projection matrix of rank # We have GH = HG = G, that is, G is a nested
orthogonal projection with respect to H. We have
(I —)QV?Cts,, = (I - G)oZ
due to (S30). Thus we obtain
(I —G)QY2CH |1 =0*ZT (I — G)Z = (M —1)62,4 + 0*Z" (H — G)Z. (S32)
d*4+3d _ d*+d
e i

Since H — G is an orthogonal projection matrix with ran = d, we have

(T = G)QY*Cli [P — (M = 1)65,q = ZT(H — G)Z ~ 0°x3,

and since (I — H)(H — G) = 0, we have that the above display and (M — 1)63 4
independent. It follows that

2.2
~ O X, aisars ATC
2

001 = SE-0)PYEN G | = GQYV2CHE >
(M —1)63,4 - (M -1)d3,,
o2Z7(I - G)Z
T R2ZT(I-H)Z
ZT(H - G)Z
T ZTI-H)Z
X3
Xy disgass

7d F
- M— d2+gd+2 d,M—%.

-1

~

O

One might be concerned about the fact the test is based on the distribution (23) that is conditioned
on o2, However, since the distribution of the test statistic (26) under Hy does not depend on the value of
0%(Y1.n), its marginal distribution over o%(Y7.,) is the same. Therefore, the test is valid nonetheless. The
same reasoning was used by Zellner [14] to consider multivariate t-distributed errors in linear regression.

Proof of Corollary 2. We have
I{Tar—1 = S(8.,0) P} 01 1I%
=650 (P=PS(0.0)P) 65

T A 0 1,10 T A1 6 ! 1,10 Ta
— el ~ s Potze (4 ) {00 ot Poiz ()} 00 oz Pe

2
(G160 — 1¢)?
p1163 — pr26o + %PQQ

= (1670l —

The null Hy : 8 = 6 is not rejected at an approximate significance level « if

- R Fiv—3.a
-1 = S(0.0) PYEalls < (O = Doe ( 25 +1).
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This is equivalent to

2 . Fiyv—3.a (G100 — 2(2)?
Gollp — (M =1)634 ( ——2+1) < 2 .
H 1'MHP ( 924 ( M -3 * ) p1102 — p126o + 1 p2o

Denoting the left hand side of the above inequality by (p, we can rearrange the terms to obtain

(Cop11 — ()08 + (C1éo — Cop12)0o + i(pzz(o —(3) <0,

which gives an approximate level 1 — « confidence interval for 6. O

We conclude this section by giving the null distribution of the MLLR,_, ., ,2 statistic as follows.

Proposition S8. Suppose that Assumptions 1-6 hold. If Q = Q, then the MLLRy, , ¢, 02 statistic under

Hoy: 0, =0.0,c=cy,0% =03 follows the SCL(M — 1, d%z“o’d) distribution.

Proof of Proposition S8. From (S27) and (529), we have

1 M—-1  Z'(Iy,-H)Z M-1
MLLRy_ ¢ = = 5|ZI* + —5—log (Ml_l )Z 5

where H is defined by (S31). In the proof of Proposition 3, we showed that

X1 = ZTHZin2+3d7 Xo = ZT(IM—l_H)ZNX?V
2

d2+4+3d+2
[— 5=

and that X; and X, are independent. Therefore, the MLLRy, | ., ,2 statistic follows the SCL(M —1, d2'53d)

distribution. O

S6 Monte Carlo correction of the bias in the test on 6,

Our hypothesis testing procedure for the simulation-based proxy uses a plug-in estimate K; of Ky. The
estimation error in K; introduces a bias in the test. This bias may be reduced by a Monte Carlo method
that takes into account the variability in K 1, described as follows. The test statistic for the test on 6, is
given by (26),

M — L3432 ({Ty 3 — S(0..0) P51 .
d (M - 1)&%nd .

In order to obtain a Monte Carlo draw for the test statistic, we regard the estimated K 1, Ef%nd, and 0, as if
they are equal to the true values. We first create a Monte Carlo simulation for the vector £7 ;. From (5S29),
we see that a Monte Carlo simulation Ei M. mc can be obtained via

—2¢0,

Q0 e = QO (ot

)) + Go2naZypc

where Z /¢ is a random draw from N(0,Ip—1). Here 0, and vech(é) are the point estimates obtained by
(24). Since @ is invertible and the left multiplication of ¢ wm.mc by C gives relative values with respect to
Ef’ mc» we can let without loss of generality

AL A o [ —2¢0, R
giq,Mc =0, gg:]u,MC’ =Q 1/2 {Qlﬂcei%w (VGCE(&)) + (TQndZMC} .

A Monte Carlo draw for the first stage estimate of o2 is given by

1 . o T 9 1_1.09 T
e = I = XA, WORRA TR W) mol*.
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Denote by 71 and 7 the first and the second term on the right hand side of (19), which is used to obtain
an estimate K. If Yj., are iid and 7 is estimated by the sample variance of the n estimated slopes of
the fitted quadratic polynomial, a Monte Carlo draw 71 p¢ can be obtained by a draw from the Wishart
distribution Wd(%n, v) where the degrees of freedom is equal to v = n — 1. If 7 is estimated by using ny
batch estimates, a Monte Carlo draw is obtained from Wd(%rl, v) with v = n, — 1. A Monte Carlo draw for
Ty is obtained by

1 o T 2 \— R
72,00 = —(00; Lo, 20mat) (0037 WOUR,) ™ (0 L, 20mat) " s
(see (20).) A Monte Carlo draw for K is then obtained by
f(l,Mc = Ti,MC — T2,MC-
A Monte Carlo replicate for Q is given by
Quc = {CWICT + 03 4CO01.unKy pc0 0, CT3 L

We let Prc := CTQueC. A Monte Carlo draw for the second stage estimate 63 4 is obtained by

1 2

~2 _ 1:2 T 5
UQIld,MC - M—1

-1
S 1:2 1:2 1:2 T 5 S
gl:M,MC - el:M {01:M PMCGl:M} GI:M PMCEl:M,MC

Pye

If we write
S(0,) = T(0){T(0.)" PycT(6,)}1T(0,)"

X 0,
where T'(0,) = 013, ( 1’Imjt ), a Monte Carlo draw for the test statistic is then given by
—5ld2+4d
2

M — L8442 ({1 = S(0s) Puctin ey, 15,
d (M —1)6304 mc

A Monte Carlo corrected p-value for the hypothesis test on 6, can be found by using the empirical distribution
of the replicated Monte Carlo draws in place of the F’ A d2t3dta distribution in (26).
) 2

S7 Additional numerical results

S7.1 Additional figures for the gamma-Poisson example in Section 5.1

Here we provide additional figures for the gamma-Poisson example considered in Section 5.1. Figure S-1 shows
the distributions of the p-value for the hypothesis test Hy : Amgsie = AmEesLe,0, Hi @ AMESLE # AMESLE,0
for varied null values Ajygsre,0. The distribution of the p-value when the null value A ygsr g0 equals the exact
MESLE is close to the uniform distribution, indicating that our estimation and uncertainty quantification
method for the MESLE has little bias. The other two plots in Figure S-1 show that the p-values are skewed
toward zero when the null value is not equal to the exact MESLE, indicating that the power is greater than
the significance level.

Figure S-2 shows the distribution of the p-value for the test on the third order term in the Taylor
expansion of u(6;y1.,) mentioned at the end of Section 4. The distribution of the p-value is close to uniform,
indicating that the quadratic approximation of u(6;y1.,) was adequate. If the simulation points were taken
from a wider range, this distribution would be skewed toward zero.

Figure S-3 shows the distributions of the p-values for hypothesis tests for the simulation-based proxy,
Hy : A = Ao, Hi 0 A # Ao for varied null values A, g. The left plot shows that the proportion of the
replications where the p-value is between 0 and 0.05 is somewhat greater than what would be expected
under the uniform distribution, implying the presence of some bias in the test. For A, o = 0.9, the p-values
are skewed toward zero, indicating a reasonably high power. The empirical probability of rejecting the null
hypothesis shown in Figure 5 was minimized at A, = 1.025. For this null value, the distribution of the
p-value was close to uniform, as shown by the right plot of S-3. Although this implies a bias in estimating
the true value of Ao = 1, the magnitude (= 0.025) is not large.
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Figure S-1: The distribution of the p-value for the test on the MESLE for varied null values. The horizontal

lines on the left plot show the expected counts under the uniform distribution (solid) and 95% confidence
bounds (dashed).

400 4

count

2001

T T T
000 025 050 075 1.00
pval_cubic

Figure S-2: The distribution of the p-value for the test on the cubic coefficient for the expected simulated
log-likelihood.
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Figure S-3: Distribution of the p-values for the test on the simulation-based proxy A for varied null values
Ax0-
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S7.2 Normal processes with normally distributed observations

Here we show numerical results for an example not considered in the main text. Example S2 describes a

normal process Xi., g (0, I5) observed with A(0, I3)-distributed noises. The mean parameter 0 € R2
is estimated using simulations. We generated n = 1000 observations at 6y = (1,1). The MESLE is given
by the sample mean of observations, Oypsrp = ¥ = %Z?:l y; € R2. Simulations are carried out at

(01,92) = (1 +0.02 x k}l, 1+0.02 x k‘2) where k’l,k‘g € 0:10.

1.24 1.2 1
0 estimated MESLE confidence level
1.14 X MESLE 1.1 100%
e 95%
® 90%
&' 1.0 confidence level &' 1.0 ® 30%
100%
0,
0.9 © 95% 0.9 _
® 90% O estimated parameter
® 80% X true parameter
0.8 0.8 troiorndiin 3880
T T T T T T T T T T
08 0.9 1.0 11 1.2 08 09 10 11 1.2
61 61

Figure S-4: Left, constructed confidence regions for 0)/gs, . Right, constructed confidence regions for 6,.

Tests on the MESLE, HO : QMESLE' = OMESLE,Oa H1 : QMESLE' 7é 0MESLE,O were carried out. A 100(1-&)%
confidence region for 0y;gsrr can be obtained by collecting all null values for which the p-value is greater
than «. The left plot in Figure S-4 shows the constructed confidence regions for 8ygsy, . Similarly, tests on
the simulation-based parameter proxy Hy : 0. = 0.0, Hi : 0. # 0. o were conducted, and confidence regions
were constructed. The constructed confidence regions for 6, are shown in the right plot of Figure S-4.

129 : power
: : 1.00
4 ! 0.75
1.1 : : 400
3 : 0.50 -
N ° ° [
S 107 : : 0.25 3
3 } 0.00 ° 200+
0.9 A1 t t
0.8+ .| x MESLE 0
68 09 10 11 12 000 025 050 075 1.00
80,1 pval_cubic

Figure S-5: Left, the probability of rejecting Hy : Opmsre = Omesie,o at a 5% significance level, where the
contours show the level sets. Right, the distribution of p-values for the test on the cubic coefficient for the
expected simulated log-likelihood function.

We replicated hypothesis test Hy : O ypsie = Omesie,o for varied null values 10000 times. The left plot
of Figure S-5 shows the probabilities of rejecting the null hypothesis for varied null values 0ygspe,0. The
right plot of Figure S-5 shows the distribution of the p-values for the test on significance of the third-order
term in the Taylor expansion of 1(#). The distribution of the p-values for the cubic test is close to uniform,
implying that the range of simulation points were suitably chosen.

We carried out hypothesis tests on the simulation-based proxy, which is the same as the true parameter
value 8 = (1,1) for this example. For each of 10000 replications, a new set of observations were generated
under # = (1,1). The distribution of the p-value under the true null hypothesis Hy : 6, = 0.0 = (1,1) is
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Figure S-6: Left, the distribution of the p-value for the test on the simulation-based proxy under a true null
hypothesis, Hy : 8. = (1,1). Right, the probability of rejecting the null hypothesis at a 5% significance level
for varied null values. The contours show the level sets.

shown in the left plot of Figure S-6. The distribution was close to uniform, implying that our test had little
bias. The estimated probabilities of rejecting the null hypotheses at a 5% significance level for varied null
values are shown in the right plot of Figure S-6.

S7.3 Additional details and figures for the compartment model for the popula-
tion dynamics of measles transmission in Section 5.3

We provide additional information about the SEIR model considered in Section 5.3 and additional numerical
results. The population size at time ¢, N(¢), which is assumed to be known, is equal to the sum of S(t),
E(t), I(t), and R(t), the compartment sizes at ¢. The compartment sizes evolve over time according to
the stochastic equations (S33). The evolution of compartment sizes is described by the following stochastic
equation:

dS(t) = — { (Ros(ﬂj(vj((f)) + 0 + u) S(t)dt + dWsg(t) + dWSD(t)} + db(t)

an(o) = { P S0) et Wi (0}~ (e + BO d+ Wrl0) + W (r)

dI(t) = {'YEI dt + dWE](ﬂ} - {(’7[}{ + ,Uz).[(t) dt + dW[R(t) + dW]D(t)}.

(933)

Here b(t) is the cumulative number of entry into the S compartment (i.e., births), Ry the basic reproduction
number, s(t) the seasonal fluctuation of the transmission rate, ¢ the number of infectious individuals visiting
the population, o a mixing parameter, which is close to the unity, ;4 the mortality rate, yg; and ;g the
rates of progression from E to I and from I to R respectively, W,, the cumulative stochastic noises for
transitions between compartments, where D signifies mortality. Each noise process W, (t) is modelled by a
Poisson process subordinated by a gamma process, and its rate depends on the current compartment sizes.
A fraction of cumulative transitions from I to R each week is assumed to be reported and recorded, with
mean reporting rate p and inflated variance relative to the binomial distribution. The variation inflation
parameter is denoted by .

In addition to the basic reproduction number Ry (Figure 8), we carried out parameter inference for «,
a mixing parameter, and yg; and ;g the rates of progression from E to I and from I to R respectively.
Partial observations of the compartment sizes are given by weekly reported case numbers, which are random
fractions of weekly aggregate transitions from the infectious to the recovered compartment.

Unbiased likelihood estimate for the observed data sequence were obtained for varied parameters using
the bootstrap particle filter via the R package pomp. The package vignette (https://kingaa.github.io/
pomp/vignettes/He2010.html) describes steps for analyzing the observed data for London.
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Figure S-7: A sequence of weekly reported measles cases generated by simulating the stochastic SEIR process
for the chosen parameter vector.
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Figure S-8: Left, Constructed confidence regions for Ry and a. The contours show the level sets of the esti-
mated expected simulated log-likelihood, i(#;y1.,). Right, the probabilities of rejecting the null hypothesis
for varying null values at a 5% significance level. The contours show the level sets of the estimated rejection
probabilities.

We simulated the SEIR model at a suitably chosen parameter vector and generated a sequence of weekly
reported cases data. Since all considered parameters had positivity constraints, they were estimated on
the log scale. The left plot of Figure 8 shows the simulated log-likelihoods for varying log(Ry), and the
constructed 90% and 95% confidence intervals. Simulations were carried out at M = 100 points uniformly
placed between the exact value +0.1 on the log scale. We replicated hypothesis tests for Ry 1000 times.
The right plot of Figure 8 shows the probability of rejecting the null hypothesis at a 5% significance level
for varying null values for log(Ry). The power at the true parameter value, indicated by the vertical dashed
line, is about 10%, which is somewhat higher than the significance level, implying that there is a bias in our
hypothesis test method. However, the rejection probability is closest to the significance level near the true
parameter value.

Next we carried out hypothesis tests for pairs of the parameters among Ry, «, Ygr, and yrgr. The
constructed two dimensional confidence regions visualize the joint parameter inference. We note that all two
dimensional slices of the mean function p(0;y1.,) fully describe the local dependence of 1(6;y1.,,) on the four
parameters, because the mean function in our metamodel is locally quadratic. The left plot of Figure S-8
shows the constructed 80%, 90%, and 95% confidence regions for Ry and « by marking the points where
the p-value was higher than 20%, 10%, and 5%, respectively for the test on the pair of simulation-based
proxy. Simulations were carried out at M = 400 points uniformly placed on the rectangle centered at the
true value pair and having widths 0.2 for log(Rg) and 0.03 for log(«). The elliptic contours on the plot show
the level sets of the estimated expected simultion log-likelihood, [i(6;¥y1.,,). The p-value for the test on the
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Figure S-9: Constructed confidence regions for pairs of parameters for the SEIR model. The contours show
the level sets of the estimated expected simulated log-likelihood, fi(6;y1.x)-

significance of the cubic term in the expected simulated log-likelihood was 0.56, implying that the simulation
points were appropriately chosen. These result show that Ry and « are hardly identifiable jointly, unless a
much longer observation sequence is analyzed. The statistical power could increase with more simulations
(i.e., larger M) or with a greater range for simulation points. However, when we used simulation points from
a wider range, the p-value for the test on the cubic coefficient in the mean function dropped close to zero,
implying an increase in the bias in the test. Figure S-9 shows the constructed confidence regions for other
pairs of parameters. These results show that all pairs except (o, Rp) and (Ygs,vrr) can be jointly identified.
The right plot of Figure S-8 shows the estimated probabilities of rejecting the null hypothesis for varying
null values of the pair log(Ry) and log(«) at a 5% significance level when the tests were repeated 1000 times.

S8 Justification of the fact that Z) — Zy) = O((log M)~'/2) in Sec-
tion 6

Denoting the cdf for the standard normal distribution by ®(x), we use the result

|~ ®(z) = \/% (i +0 <;>) e/ (S34)

[1]. For 0 < e < 1, denote by z. the value satisfying 1 — ®(z.) = e. We approximate Z(;) by x1,y and Z(o)
by x2,5s. Using (S34), we can approximate

M?2 M?2
Zay = rym =W (27r>, Z(g) = wom = | W (87r>
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where W (t) is the Lambert W function satistfying W (t) exp{W (t)} =t [12]. Since W (t) = logt — loglogt +
O(loglogt/logt) for large t [7], we approximate

M? M?
Zay — Ly =y | W <27T> — W (87r> R \/2logM—log2ﬂ'— \/210gM—10g87r
N log 27 log 87 - —1/2
N\/2logM{1 (1 4logM)}O((10gM) ).

4logM
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